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|. NOI DUNG PINH Li CON BUOM
Pinh li: Cho dudng tron (O) véi diy cung AB. Goi I 13 trung diém cua AB, qua I
dung hai diy cung MN va PQ sao cho MP va NQ cit AB lan luot tai E va F.

Chung minh rang I 1a trung diém ciia doan thang EF.

Chitrng minh

Bai toan nay c6 nhiéu cach chimg minh, sau day t6i s& trinh bay nhimng cach chimg
minh don gian, d& hiéu va so cip nhat dén v6i ban doc. Mdi chirng minh lai 1&
mét con duong riéng, mot vé dep riéng ciia mon hinh hoc phang, ma ¢ d6 nhiing
ban yéu thich mén toan sé cam nhan tir tir vé dep nghé thuat, dan xen nhirng xur li

tinh té hinh hoc trong d6.
Loi giai 1:
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Vi | 1a trung diém AB nén ta c6: Ol 1 AB.

Goi C, D lan luot 13 trung diém ctia MP, NQ ta ¢c6: OC L. MP,0D L NQ .Vay céc
tir gidc 10CE, IODF 14 cAc ttr gidc ndi tiép dudng tron .Do d6 ta c6: 10E = ICE va
IOF = IDF .(1)

Mit khac dé thdy AIMP dong dang AIQN (g.g) va IC,ID 1a hai dudng trung

; R o IP PM P , A
tuyén tuong tmg nén ta co: —C=—=—=C—. Do d6 AICP ddong dang AIDN
ID IN NQ DN

nén ICE = IDF (2).

Tu (1) va (2) ta co: 10E = IOF = AOEF c¢an tai O, tir d6 ta c6 I 1a trung diém EF.
(Ppcm)

Loi gidi 2:
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Goi C,D lan luot 14 hinh chiéu vuong goc cta E 18n IP,IM va K, H lan luot 1a
hinh chiéu vudng goc cua F 1én IM, 1Q.

Ta co:
AIED dong dang AIFK nén E_ED (1)
IF FK
. IE EC

AIEC dong dang AIFH nén —=—= (2
Ong dang F = EH (2)

APEC dong dang ANFK nén PE_EC (3)
NF FK

AMED d@)ng dang AQFH nén E:E 4
QF FH

2
Tur (1), (2), (3) va (4), chiing ta co: (Ej _ED EC_ME PE_AE BE
IF) FK'FH NF QF AF BF

_ 2 2
Mat khac: 25 BE _ (Al EI)(BI+IE):AI2 e’
AF BF (AI+IF)(IB—IF) AI’—IF
IEY _AP-EI* AP
IF)  AP-IF* AP

Vay

=1.Dodo IE=IF (bpcm).

Loi gidi 3
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Truong hop MP va NQ song song 13 truong hop tim thudng nén & day ching ta
xét MP va NQ giao nhau.
Goi D 1a giao diém cua MP va NQ .

e T MEND_ T PEQD_,
Xét tam giac EFD. Theo dinh li Menelauyt ta co: = -==-== IE PD OF

IF>.ME.PE.ND.QD _

= _——— =1
IE2.MD.NF.PD.QF

Vi DN.DQ = DP.DM nén ta co:

IF>.ME.PE IF?  NF.QF
IE°.NF.QF IE® ME.PE

Mat khac : NF.QF = AF.BF va ME.PE=EA.EB nén ta co:

IF2 AF.BF _(AI+IF)(AI-IF) AI>—IF*
IE® EAEB (AI-IE)(AI+IE) AlI’-IE?

Vay IE = IF (Ppcm)
Loi gidi 4:

Tur F ké dudng thang d song song song véi MP, cat MN & L va cat PQ ¢ K. Ta co:
FLN = IME = FQK |

. LF FQ
Hai tam giac LNF va tam giac QKF dong dang (g.g) nén ta co: N EK- Vi vay

LF.FK = FN.FQ = FA.FB = (Al +IF)(BI - IF) = AI? - |F?

Tuwong tu ta c6: EP.EM=Al”—IE?
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. FK EP
Ta c6 tam giac IEP va tam giac IFK dong dang (g.g) nén ta co: = 1)

5 EM
Ta c6 tam giac IFL va tam giac IEM dong dang (g.g) nén ta co: R 2
\  FK.FL EP.EM
Tu (1) va (2) ta co: 12 E

Ma LF.FK=AI?~IF? EP.EM = Al? - IE?

. FK.FL EP.EM  AI’—IF* AI>—IE* Al AP

nen 2 2 = 2 = 2 Ay s
FI El FI El FI? El

I1. UNG DUNG DINH Li CON BUOM GIAI MOT SO BAI TOAN DIEN

HINH.

Vidul

Cho duong tron (C) ¢c6 M 1a trung diém cua diy cung PQ . Goi AB, CD 1a hai day

< |[E=IF. (Ppcm).

cung qua diém M. Goi H, K 1an luot 1a giao diém ctia PQ véi AC va BD.

Chung minh rang: HAHC _ KB.KD

HM2  KM?

e

Loi gidi.

Theo gia thiét MP = MQ. Ap dung dinh li con buém ta c6 MH = MK
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Ta c6 HA.-HC = HP.HQ = KQ.KP = KB.KD.

Do d6 HAHQC - KB'KZD (vi MH = MK v HA.HC = KBKD.) (Ppcm)
HM KM
Vi du 2

Cho AABC néi tiép duong tron (0), | 1a thm duong tron noi tiép. Duong thang BI,
Cl cat dudng tron (O) tai E, F. Goi K, D 1an luot 1a giao diém cta Al véi EF va
BC. Biét

AB+ AC=2BC . Ching minh rang IK=ID.

Y twéng: Goi giao diém ciua Al va dudng tron (O) 1a diém M khac A.

Phan tich dé& bai chlng ta thiy CF nAM =1,BE~AM =1 . Do d6 dé chtrng minh

IK =D ta sé chung minh IA = IM (Tu dinh li con buém chung ta c6 dpcm)

Loi gidi :

Goi giao diém cua Al va duong tron (O) 1a diém M khac A.
Xét tam giac MAC va tam giac BAD co: AMC = @B, BAD = CAM
MC BD ID CD BD+CD _ BC 1

nén dong dang . Tur do6 ta co: MA:ﬁ_E_ CA BA+CA _ZBC_E

Xét tam glé.C MIC c6: MIC = ICM nén la tam g|éc can tal M. Do do6 Ml =MC va

1
MI =3 MA= MI=1A_Theo dinh Ii con buém thi IK=1D. (Ppcm).
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Vi du 3: ( Mongolian TST 2008)

Cho tam giac nhon ABC c¢6 CD la duong cao, H la tryc tdm va O la tam duong
tron ngoai tiép tam giac ABC. Mot duong théng di qua diém D, vudng goc voi
OD va cat BC tai E. Chtng minh rang: DHE = ABC.

Phan tich_bai todn ching ta thdy dudng thang di qua D va vudng goc véi OD thi dé
thiy D chinh 1a trung diém cua diy cung dudng tron (O) qua D. T d6 ta thay xuat
hién mé hinh cua dinh li con budm va khai thac diéu nay dé ching minh bai toén.

Sau day la 101 giai cho bai toan.

Goi F 1a giao diém cua dudng tron (O) cat CD, K 1a giao diém cua AF va DE . Ap
dung dinh Ii Con Buém véi diém D=CFNABNEK. va OD L EK, ching ta

, {DE = DK
co:

— EH || FA= DHE = DFA=CBA. (Dpcm).
DH = DF
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Vi du 4 ( Singapore 2011)

Cho tam gi4c ABC nhon, khong can, O, H lan luot 1a tim dudng tron ngoai tiép
va tryc tam cua tam gidc ABC, AB>AC () 13 didm trén AC , kéo dai HQ cét BC
& P sao cho DP =DB v4i D 1a chan duong cao ha tir dinh A t6i BC. Chimg minh
ring ODQ = 90"

Phan tich bai todn: Pé ching minh goc ®=9OO, ching ta sé ching minh
OD L DQ. Piéu d6 1am nay sinh ¥ tudng chimg minh OD vudng goc v6i day
cung qua D hay néi cach khéc ching ta chimg minh D 14 trung diém cua day cung
d6. Cung véi gia thiét DP=DB ching ta nghi t6i viéc xdy dung mo hinh bai toan
con buém dé ap dung.

Loi gidi cho bai todn.

Goi G 1a diém ddi xtng cua H qua BC, khi d6 G thudc duong tron (O) . Goi R 1a
giao diém cua QD va BG. Theo gia thiét ta c6: DP = DB ma DH=DG nén
HQP || BRG.

Do d6 AHDQ =AGDR(g.c.g) = DQ = DR. Goi E, F lan luot 13 giao diém cua
duong tron(O) vai QR .Theo dinh li con buém ching ta ¢c6 DE=DF. Do d6
OD L EF pay ODQ =90".
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Vidu$s

Cho tam giac nhon ABC cé AD la duong cao, O va H lan lugt 13 tAm dudng tron
ngoai tiép va truc tim cua tam giac ABC. Ké duong thang qua D va vubng goc
V6i OD , cit AB & K. Chitng minh ring DHK + AHC =180".

Loi gidi

Goi E 14 giao diém tht hai cia AD vé&i duong tron (O) . Ta dé chi ra rang DH =
DE va do d6 tam giac CHE can dinh C nén CHE = CEH =CEA. Q)

Goi L 14 giao diém cua KD va EC. Ta ¢6 AE, BC, KL déng quy tai D, ¢c6 DH =
DE, ODLKL. Theo dinh Ili con buom thi DK = DL. Do d6
ADEL = ADHK(c.gc)

—

— e

Vidu 6 (MOP 1998)

Cho hai dudng tron (C) va (C’) ¢6 ciing béan kinh, cit nhau tai hai diém A, B. Goi
O la trung diém AB. Day cung CD cua dudng tron (C) qua diém O, Goi P 1a giao
diém cua doan thang CD cit (C”). EF 1a day cung (C”) qua O va doan thang EF cit
(C’) tai Q. Chtng minh rang: AB, CQ, EP dong quy.
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o2 e

Loi giai

Phan tich: Bai toan nay véi viéc gia thiét cho O 1 trung diém AB , md hinh vé bai
toan con buém dé duoc xay dung. Chung ta goi giao diém caa CQ, EP v6i AB lan
lugt 12 S, S’ . CONng Vviéc cua chiang la chimg minh S trung S* . KHi d6 bai toan

dugc chung minh.

Goi H 1a giao diém tha hai cia CD va (C°), K 12 giao diém thi hai ctia EF va (C) .
Goi S, S’ 1an luot 1a giao diém cua CQ, EP v6i AB. Goi M 1a giao diém cua KD
va AB.

Trong duong tron (C) tam J tir gia thiét O 1a trung diém AB, theo dinh I con
burom v6i 4 diém C, Q, D, K ta c6 O 1a trung diém MS.
Mt khac vi hai duong tron (C) va (C’) c¢6 cung ban kinh nén O 1a trung diém
AB thi O ciing 1a tring diém cta PD,EK nén tr giac PDEK 14 hinh binh hanh.

Tir d6 ta c6 AKOM = AEOS'(g.c.g) . Suy ra OM=0S’ hay O la trung diém MS’.
Viy S triing S”. Do d6 AB, CQ, EP dong quy tai S. (Ppcm).
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Vi du 7(Moldova TST 2010,)

Cho tam giac nhon ABC c6 H Ia tryc tdm va M 1a trung diém BC . K& duong
thang qua H vudng goc voi HM va cit AB, AC lan luot tai P va Q. Chimg minh
rang: MP = MQ.

e

e

Goi D, K lan luot 14 chan duong cao ha tir cac dinh B, C xuéng AC, AB. Ta c6 tur
giac BCDK noi tiép duong tron (C) thm M, ban kinh BC. Kéo dai PQ cit duong
tron (C) tai hai diém E, F. Vi MH vudng goc EF tai H nén H 1a trung diém EF.

Ta c6: CKNEF=H,BDNEF=H,BK"EF=P,CDNEF=Q ma H Ia trung
diém EF nén theo dinh Ii con budém ta c6: HP = HQ. vay tam giac MPQ can dinh
M (Vi NH vira 1 dudng cao vira 1a dudng trung tuyén) nén MP = MQ. (Ppcm)
Vidug

Cho ttr giac ABCD ndi tiép duong tron tam O. Goi M 14 giao diém ctua AC va BD
va P 1a diém trén canh BC thoa min PM vudng goc MO . Goi S 1a giao diém thir

hai cia DP va duong tron (O) va Q 1a diém thudc dudng tron (O) sao cho DQ
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vudng goc OM . Goi R 14 giao diém hai dudng phan giac trong goc ABS va goc
AQS . Céc tiép tuyén tai B va tai Q ciia dudng tron (O) cat nhau tai L . Ching
minh ring A, R, S, L thang hang.

Giai

Goi F 1a giao diém cua PM va AD. Theo dinh Ii con buém ta co M 1a trung diém
cta PF Ta c6: DQ L OM,PF L OM nén DQ|| PF . Tacé D(PFMQ)= - 1.

Lai c6 LB, LQ la hai tiép tuyén cua duong tron tai B, Q Do D(PFMQ)= -1 nén suy ra
QABS la tir giac dieu hoa, tir d6 suy ra LB, LQ va AS dong quy hay L, A, S thang hang.

— e~~~

Ta ¢6 ADB=AQB,BDS=BQS v& SDQ=SQL. Do do
Q(S, A, B, L)~ D(S,AB,Q)diéu hoa. Tir BAQS =QABS ta c6 E—éz%
theo tinh chat duong phan giac trong thi cac phan gidc trong cua cac goc
ABS = Q/\AS cit nhau tai 1 diém trén SA vay R niam trén SA. Do d6 ta ¢6 L.R,S,A
thang hang.

Sau day la vi du néu mét img dung dic sic va khd méi cia dinh Ii con buém .
Mot bai do ban Trdn Bdo Trung, A1K40 Chuyén Phan Béi Chdu sang tac va la
bai mo réng cua ki thi IMO 2009.
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Vidu 9 (Trdn Bdio Trung)

Cho tam giac ABC ndi tiép duong tron (O) va M 1a diém nam trong tam giac do.
Gia st AM, BM, CM cit BC, CA, AB lan lugt tai A,B,,C,. Goi A,,B,,C, theo
thir tw 1 trung diém ciia AA,BB,,CC, ; X,Y,Z tuong tng Ia hinh chiéu caa O 1én
FE,ED,DF . Chimg minh ring cic duong trOn ngoai tiép cac tam giac
AXB,C,,AYC,A,,AZA,B, cliing di qua mot diém.

Giai

Trude hét chiing ta ching minh bo dé sau.

Cho tam giac ABC noi tiép duong tron (O). Mot duong thang d bat ki cat hai canh
AB, AC lan lugt tai D, E Gia st H, K, G 1an luot 1a trung diém cua cac doan théng
BE, CD, DE. N Ia hinh chiéu vuéng géc ciia O 1én DE Chimg minh bén diém H,
K, G, N cung thugc mot duong tron.

Bay gid chling ta chirng minh bd dé
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Goi cac giao diém cua AN, CN, BN véi duong tron (O) theo thir ty 13 M, P, Q va
X, Y lan luot 1a giao diém cia dudng thang DE véi MP, MQ . Ap dung dinh li
dao Pascal cho ba diém thang hang X, N, Y chung ta c6 giao diém L cua BX va
CY nam trén dudng tron (O) . Theo gia thiét ON L XE ap dung dinh Ii con buém
cho bon diém A, P, M, C ta c6 N 1a trung diém XE. Do d6 trong tam gidc EBX
theo dinh 1i duong trung binh chdng ta c6 HN //BX
Tuong tu chung ta coO KN //CY
Vi vay :
(NH,NK) = (BX,CY)mod = = (LB, LC)mod z = (AB, AC) mod z(DoL e (O))

= (GH,GK)mod~ Do GH //AB,GK //AC
Viy N, H, K, G dong vién. B6 dé duoc chimg minh.

Bay gio trd lai bai toan ban dau.

S
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Goi A,,B,,C, theo thir ty 1 trung diém ciia B,C,,C,A, AB, . Ap dung b dé trén
ta ¢ cac bo bon diém sau dong vién (X,B,,C,, A,),(Y,C,, A,,B,),(Z,A,,B,,C,) .
Do d6 bai toan dugc ching minh néu chung ta chuwgs minh dugc ba dudng tron
ngoai tiép cac tam giac AA,B,C,,AB.C,A,,AC,A,B, . That vay goi Q la giao diém
thir hai ctia duong tron ngoai tiép AA,B,C,,AB,C,A, . Ching ta co:

(QB,,QC,) = (QB,,QA,) +(QA,,QC,)mod 7

=(C,B,,C,A,) + (B;A,,B,C,)mod «

= (CB,CA) + (BA, BC)mod 7

= (AB, AC)mod =

= (A;B,, AC,)modr
Viy Q,A,,B,,C, dongvién. Ta co dpcm.
Nhu vay thong qua 9 vi du chon loc trén chic han ban doc ciing ¢4 cam nhéan duoc
vé dep va cac ung dung cua dinh li con buém trong viéc giai quyét cac bai toan
hinh hoc phang.

I11. MO RONG VA TONG QUAT BAI TOAN CON BUOM
Mé rong:

Tré lai dinh 1i con budm véi phat biéu thudng gip

Pinh li: Cho duong tron (O) Véi ddy cung AB. Goi I la trung diém cia AB, qua I
dung hai day cung MN va PQ sao cho MP va NQ cdt AB lan lwot tai E va F.
Chitng minh rang I la trung diém ciia doan thing EF.

Theo 18 thuong 1a nhu vay nhung & ddy chung ta dit cAu hoi néu nhu van gia thiét
trén nhung hai day cung MN, PQ khong di qua trung diém I ciia AB ma thay vao
d6 MN, PQ lan lugt cit AB ¢ S va R sao cho IR=IS thi chling ta ciing c6 IE=IF.

Minh hoa bang hinh v& sau: (Viéc chirng minh xin danh cho ban doc tim toi)
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Téng quat:

Chung ta thiy rang dinh 1i con buém trén phat biéu va ding cho duong tron,
nhung duong tron la truong hop dac biét cia duong Elip va xa hon nira 1a duong
conic. Vay ddi véi duong Conic dinh 1i con budm c6 con dung khong? Cau tra 1oi
la c6: Moi ban doc theo dbi tiép dinh Ii phat biéu tong qudt nhu sau:

Pinh li: Gidg si¢ cdc duwong Conic (Elip, parabol, hypebol ) ciing di qua 4 diém
M, N, P, Q ma ba trong bén diém dé khong thing hang . Gei E,F lin lwot 1A
giao diém ciia AB véi MP, NQ va R, S lan lwot la giao diém ciia AB véi PQ,
MN. Khi dé néu I A=IB va IR=IS thi IE=IF

Viéc chimg minh dinh 1i ndy ban doc c6 thé dua vao hai bo dé sau.

Bo dé 1: Cho duong Conic c6 phuong trinh  ax?® +bxy +cy? +dx+ey++f =0
c6 day cung AB . Khi d6 mot diém M nim giira doan AB 1a trung diém cau AB
khi va chi khi hé s6 ctia x bang 0 hay d =0 .
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Bo dé 2: V&i ba dudng conic khac nhau cung di qua 4 diém phan biét ma ba trong
bdn diém d6 khong thang hang thi mdi conic déu 1a két hop tuyén tinh cua hai
conic khac.

Pé ciing cb thém viéc gai toan ciling nhu thiy duoc nhiéu thu vi vé vé dinh i con
buém moi cac ban thuc hanh mot sé bai tap tu luyén sau.

IV. MOT SO BAI TOAN TU LUYEN

Bai tap 1

Cho tam gidac ABC va dudng tron noi tiép C(I) , dudng tron ngoai tiép C(O).
Puong tron C(1) tiép xtic véi canh BC & D. Hai diém M, S lan luot 13 giao diém
cia dudng tron C(O) véi Al AO. Trén dudng thang DM lay diém X va trén
duong thing AO lay diém Y sao cho I thuéc XY . Ching minh ring:
IX=1Y <Ol LXY.

Bai tap 2

Cho tam giac ABC voi M 1a trung diém BC. Gia sir AM cat duong tron noi tiép
tam giac ABC tai K, L. Cac duong thang song song v6i BC qua K, L cat duong
tron noi tiép tam giac ABC lan luot tai X, Y. AX cat BC tai P, AY cét duong
tron (ABC) tai D. DM cit (ABC) tai E. AM cit (ABC) tai F. Chting minh F,
P, E thang hang.

Bai tap 3

Cho tir giac ABCD i tiép dudng tron thm O. Céac duong chéo AC, BD cit nhau
tai I khac O. Qua I ké dudng thang vudng goc v6i OI cit AB, CD lan luot tai M,
N. Chtrng minh rang AB=CD khi va chi khi BM=CN.

Sau ddy moi cac ban di dén mot sé két qua mé rong vé bai toan con budm va moi

ban doc khai thac thém nhiéu tinh chét khac ciia bai toan con budm.
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V. MOT SO KET QUA MO RONG

Bai tap 1

Cho tam giac ABC c¢6 O 1a tdm duong trdn ngoai tiép. Goi d 1a duong thang bét ki
di qua dudng tron tam O véi P 1a hinh chiéu vudng goc caa O 1én dudng thang d.
Puong thang d cit cac canh BC, CA, AB tai cac diém X, Y, Z. Goi X’, Y’,Z’ lan
luot 1a cac diém ddi xing véi X, Y, Z qua P. Chimg minh rang AX’, BY’,CZ’
dong quy tai mot diém nam trén dudng tron (O).

Bai tap 2

Cho tam giac ABC ¢6 O 1a tdm duong trdn ngoai tiép. Goi d 1a duong thang bét ki
di qua dudng tron tam O véi P 1a hinh chiéu vudng goc caa O 1én dudng thang d.
Duong théng d cét cac canh BC, CA, AB tai cac diém X, Y, Z. Goi W 13 giao
diém cua dudng thang d va tiép tuyén cua duong tron (O) ké tir A. Chiing minh
rang P 13 trung diém cua YZ khi va chi khi P 13 trung diém ciia XW.

Bai tap 3. (Pinh li manh vé bdi todn con bwém)

Cho bbn diém A, B, C, D nam trén duong trong tim O. Goi P 13 giao diém cua AC
va BD . Mot duong thang d tly Y di qua P sao cho P 13 hinh chiéu vudng goc cua
O 1én duong thang d Goi X 14 giao diém cua d va AB, Z 1a giao diém ciia d va CD.
Chuang minh P 1a trung diém XZ.

V. LOI KET

Thong qua céc trao doi trén chdng ta c6 thé thay rang dinh li con buém 1a mot
dinh 1i hay c6 nhiéu tng dung dep va dic sic. Chuyén dé trén da giéi thiéu mot sb
ung dung chon loc gitip ban doc thém yéu thich dinh 1i con buém va khdm pha tim
toi thém nhiéu phat hién méi. Chuyén dé ciing ¢& néu mot sé6 mé rong cia bai toan
con budm ciing nhu tong quat héa dinh Ii.

Pinh 1i con budm cOn rat nhidu vé dep va tmg dung nira nhung do thoi gian va
trinh do c6 han tac gia chua khai thac dugc hét mong ban doc c6 thé khai thac tim
toi thém nhiéu két qua méi phuc vu cho viéc hoc tap va yéu thich bd méon hinh hoc

phang.
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