CHUYEN DE DINH LY PTOLEMY

Ngay 1 thang 11 nam 2012

Nguyén Thi Nguyén Khoa, 16p 10T1 truong THPT chuyén Qubc Hoc, Hué

I. Dinh li Ptolemy:
Cho tit giac 16i ABCD noi tiép duong tron (O; R). Khi do:

AC.BD = AB.CD + AD.BC.
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Ching minh

Bai todn nay cé nhiéu cach chiing minh, sau day xin gi6i thieu hai cach don gian va dé hiéu nhat.
Cach 1:

NL—"

C

Trén AC lay diém E sao cho ADE = BDC. Khi ay ta c6 AAED «~ ABCD(g.9).
Nén ta suy ra: AD.BC' = AE.BD. (1)

Mat khac ta cting co:
AD DE AD BD

BD _DC _DE _DC




Tu day ta suy ra: AADB «~ AEDC(c.g.c) = AB.DC = DB.EC. (2)
Tu (1), (2) ta suy ra: AB.DC + AD.BC = BD(EC + AE) = DB.AC.
Ta c6 diéu phai ching minh.

Cach 2:

TeCvée CE 1L AD,CF 1L BD,CG L AB,(E € AD,F € BD,G € AB).
Theo dinh i Simson, ta c6 G, F, E thang hang.
Ta c6: GF + FE = GE. Ap dung dinh 1f ham s6 sin, ta c6:

GF = BC.sin B; EF = DC.sin D; GE = AC'sin A.
AD . AB | BD

sinB=——;sinD =——;sinA = —.

2R

T trén ta suy ra:

BC.AD N AB.DC  BD.AC
2R 2R 2R

Vay ta c6: BD.AC + AB.DC = BD.AC (diéu phéi chitng minh).

I1. B4t dang thic Ptolemy:
Cho tit giac ABC'D. Khi do:

AB.CD + AD.BC > AC.BD.

Ching minh




Lay diém E sao cho EAD = ﬁB\Cﬂﬁ)\E — BDC.
Suy ra: AADE «~ ABDC(g.9) = AD.BC = BD.AFE.(1)
Mat khac ta co:
AD DE AD DB

DB _DC _ DE _DC

Suy ra: AADB «~ AEDC(c.g.c) = AB.DC = BD.EC(2).
Tu (1), (2) ta suy ra: AD.BC + AB.DC = BD.(AE + EC) > BD.AC.
Dau” =7 xdy ra khi ti gidc ABC'D nai tiép dugc.

ITI. Tim hiéu sau hon vé dinh li Ptolemy:
Dau tién, ta dén véi bai toan kha don gidn sau day:
Bai toan 1: Cho tam giac déu ABC noi tiép duong tron (O). M thuoc cung nhé BC. Ching
minh rang:

AM = BM + CM.

Chimg minh:

Ap dung dinh li Ptolemy cho ti giac noi tiép ABMC ta c6:
AM.BC = BM.AC + CM.AB.

Ma BC = CA = AB. Tu day ta suy ra AM = BM + CM.
Chitng minh hoan tat.
Bay gio ta thit mé rong bai toan bing cach bién "duong tron diém" M thanh duong tron nhu sau:
Bai toan 2: Cho tam gidc déu ABC noi tiép dudng tron (O). M 1a diém bat ki thudc cung nhd
BC. Duong tron (0') tiép xtc vé6i (O) tai M. AA’, BB, CC’ lan lugt 1 céc tiép tuyén tu A, B, C
dén (O'). Ching minh rang:

AA'= BB+ C(C".



B§¥g%:7m

M

Chiing minh:

Xét truong hgp duong tron (O') tiép xic trong véi dudng tron (O). Truong hgp con lai ta chiing
minh tuong tu.

Goi K, L, N lan lugt 1 giao diém ctia AM, BM,CM véi (O').

Suy ra: AA”? = AK.AM; BB”? = BL.BM;CC" = CN.CM.

Vay ta can chiing minh:

VAK.AM = VBL.BM + vVCN.CM.(x)

Ta c6: LK || AB; KN || AC,LN || BC.
AK _ BL _CN _,
AM  BM CM

Suy ra:
Nén:

(¥) & VEAM.AM = VE.BM.BM + Vk.CM.CM < AM = BM + CM.(x*)

Ap dung bai toan 1 ta c6 duge (**). Vay ta c6 diéu phai chimg minh.

Tiép tuc m4 rong bai toan tren bang cach cho tam giac ABC la mot tam gidc bat ki, ta dugc bai
toan sau:

Bai toan 3: Cho tam gidac ABC nai tiép (O). M la mot diém bat ki thuoc cung BC' khong chiia
A. Dudng tron (O') tiép xtc véi duong tron (O) tai M. AA’, BB',CC’ lan lugt 1a cac tiép tuyén
tit A, B, C' dén duong tron (O). Chiing minh ring:

AA".BC = BB'.CA+ CC".AB.

Ching minh:
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Xét truong hgp duong tron (O') tiép xtc trong véi dudng tron (O). Truong hop con lai ta ching
minh tuong tu.

Goi K, L, N lan lugt 1 giao diém ctia AM, BM,CM véi (O').

Hoan toan tuong ty nhu chiing minh bai toan 2, ta duge dang thiic can chiing minh tuong duong
véi

BCNEAM.AM = CANE.BM.BM + ABNVE.CM.CM < CB.AM = CA.BM + AB.CM.

Déng thitc cudi ding theo dinh 1i Ptolemy.
Vay ta c6 diéu phai chiing minh.
Tiép tuc md rong bai toan. Xem cac diem A, B, C' la cac "dudng tron diem". Nhu vay ta sé mé
rong bai toan bing cach thay cac diém A, B, C bang cac duong tron. Ta cé bai todn sau:
Bai toan 4: Cho tit gisac ABC'D noi tiép duong tron (O; R). Dit cac dudng tron «, 3,7, 8 1a cac
duong tron tiép xtc véi (O; R) tai cic diem A, B, C, D. Dt t,z 1a do dai tiép tuyén chung ngoai
néu hai duong tron «, 8 ciing tiép xtc trong hodc cung tiép xic ngoai véi (0), va la do dai doan
tiép xtc trong néu trong trudng hop con lai. Cac doan tg.,, s, ... duge xac dinh tuong tu. Khi d6
ta co:

Zfag.t,yg + t/g,y.ta(g = Zfa,y.tﬁg.

Day chinh la dinh 1i Casey hay con goi la dinh 1i Ptolemy md rong.

Ching minh:

Ta chitng minh trudng hop «, 8,7, cung tiép xtc ngoai véi (O). Céc truong hop con lai ching
minh tuong tu.

Lan luot dat tam cac duong tron trén 1a A’, B',C’, D’ va ban kinh lan luct 1a x, v, 2, t.

bit AB=a,BC =b,CD =c¢,DA=d,AC =m,BD = n.

Ap dung dinh 1y Pythagore: (to5)2 = A'B? — (z — y)>.

Mat khac lai co:

A'B? = (R+2)? + (R+y)* — 2R +2)(R + y)cos(AOB").

AB?=(R+2)*+(R+y)*—2R+2)(R+y)(1— 2a—;2).

AB?=(R+12)>—2R+z)(R+y)+ (R+y)*+ (R+a:)(R+y).%.

A'B? = (z —y)? + %.(}H 2)(R+y) = tag = %.\/(R+x)(R+y).
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Tuong tu véi tgy, tys, ... Ta co:
taﬁ-twé + tﬁv-taé = tow.t/g(; & a.c+ b.d=mn.

Déng thitc cudi ding theo dinh 1i Ptolemy.

Chitng minh hoan tat.

Nhan xét: Dé ¥ ta thay ring ¢ bai toan 2 va bai toan 3, ta chiing minh duge bang phuong tich.
Vay hay cung suy nghi cach chitng minh dinh 1i Casey theo mot hudng khac 1a sit dung phuong
tich.

Nhu da thay, ¢ bai toan 2 va 3 ta sit dung phuong tich tit mot diém dén dudng tron. Bay gio ta
thtt nghi dén phuong tich ctia dudong tron dén duong tron.

Ta dén v6i bo dé sau: Cho hai dusng tron (O), (O'). AB la tiép tuyén chung ngoai ciia hai duong
tron. AB cit OO0’ tai G. Mot duong thang qua G cat (0), (0') tai E, F va D, C nhu hinh vé. Khi
do ta co:

AB? = FD.EC

Phan chitng minh xin danh cho ban doc.
Tré lai v6i dinh 1i Casey:

W,
W

SRS

Goi A, B',C’, D’ 1a tam cua «, 3,7, 0.

Goi HK la tiép tuyén chung ctia «, § Ta c6: HK, AB, A’B’ dong quy. (chiing minh xin danh cho
ban doc)

Ki hiéu cac diém nhu hinh vé.

Ta hoan toan ching minh dugc:

IP || EN | BC,WY | TM || AD.
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IJ|| ZW | DC,NF | XM || AB.
PJ | DB | TX,ZY || AC || EF.

Ap dung phuong tich ctia dudng tron dén dudng tron, ta co:
taﬁ.t,yg + tgfy.tag = ta,y.tg(;.
& VPB.AY.EC.DT +VAF.DJ.ZC.BX = VIC.AM.DW.N B(%).

Dit
PB_JD IC
AB_AD_AC_k'
ZC _YA_WD _,
BC _ AB _ BD "
TD XB MA
cD_ BC caA _~
EC FA NB
DC DA DB _©“

Suy ra

(*) © Vk.AB.h.AB.a.DC.0.DC + Va.DA.k.AD.h.BC.0.BC = Vk.AC.0.AC.h.BD.h.BD.

< Vkhoa AB.DC + Vkhoa AD.BC = vV khoa.AC.BD.
< AB.DC 4+ AD.BC = AC.BD.

Ding thiic cubi ding theo dinh 1i Ptolemy.

Vay ta c6 diéu can chitng minh.

Nhu vay sau qué trinh nghién cttu, tim toi 16i gidi, ta c6 thé c6 duge 10i giai that tu nhien va dep
mit cho dinh 1f Casey. Hi vong ring qua day, ban doc con phat hién ra cic 10i gidi méi va doc dao
cho cac dinh li, bai toan khac.

Chu y: Dinh i Ptolemy con cé nhiéu mé rong rat tha vi khac, cic md rong nay sé dude gidi thieu
& phan bai tap.

IV. Ung dung cta dinh li Ptolemy va dinh 1i Casey:
Bai toan 1: Cho tam giac ABC ¢6 A > 90° noi tiép duong tron (O) 6¢c AD la phan gidc trong
(D € BC). Tim diém M thudc cung 16n BC sao cho M B.DC + MC.DB 1én nhat.

Lai gidi:




Do AD la phan giac tron BAC nen % = Z—g = k.

Suy ra: MB.DC + MC.DB = k.MB.AC + k.MC.AB = k.AM.BC < k.2R.BC = const. Déng
thitc xay tra khi AM la duong kinh. Vay dé M B.DC 4+ MC.DB 1én nhat thi AM la duong kinh
duong tron (O).

Bai toan 2: (Dé thi chon doi tuyén 10 truosng THPT Qudc Hoc nam hoc 2011-2012)

Cho tit giac 161 ABC'D noi tiép duong tron (O). Goi M, N, P, Q 1an lugt 1a diém chinh gifta cac cung
AB, BC,CD, DA khong chita cac dinh con lai clia tit giac ABC'D. Gia stt ring AC.BD = MP.NQ.
Chitng minh rang AC, BD, M P, N() dong quy.

Lai gidi:

Ta c¢6: AC.BD = M P.N@. Theo dinh 1i Ptolemy, ta suy ra:

AC.BD = AB.CD + AD.BC = MN.QP + QM.NP = MP.QN.

) _——  DCB
Ciing tit gia thiet, ta ¢c6: QCM = ——.
DCB
Suy ra: QM = 2R.sin QCM = 2R. sin 5
. DCB
X . o sin 1
Ma BD=2R. sin DCB. T day ta suy ra 5D~ snDCE DCE
2. cos —
T . . PN 1
uong tir ra co: 5D — AN
2.cos

2

Suy ra:
QM.PN 1 B 1 B 1
BD2 PAN DCB | DCB DCB  2.sin DCB.
4. cos . COS .sin . COS

2 2 2 2

Nén ta suy ra:
BD?
M.PN = ——— = BD.R.
@ 2.sin DC'B h

Tuong ti ta cling ¢6 dugc:
MN.PQ = AC.R.
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Suy ra: MN.PQ + QM.PN = R.(AC + BD).
Hay:
AC.BD = R.(AC + BD,).

& AC.(BD — R) — (BD — R).R = R*.
& (AC - R).(BD — R) = R*.

Ta c6: AC < 2R; BD < 2R.

Suy ra: (AC' — R).(BD — R) < R?.

Dau” =7 xdy ra khi AC = BD = 2R, hay ti giac ABCD va M NPQ 1a hinh chit nhat.

Suy ra AC, DB, M P, NQ dong quy tai O. (diéu phai chiing minh)

Bai toan 3:Cho hai duong tron (Oq; Ry); (Og; R) tiiép xtc trong véi nhau tai P.Gia st Ry > Ro.
Duong tron (Oy) tiép xic véi day cung AB ctia duong tron (O) tai T. Ching minh rang PT 1a
phan giac ZAPB.

Loi giai:

Ap dung dinh li Casey cho cac dudng tron (A), (Os), (P), (B) ciing tiép xic trong véi (O;), ta co:

AP AT

AP.BT = AT.BP + PP.AB=AT.BP+0 = 5P - BT

Tit hé thite cudi ta suy ra dwge PT la phan gidc APB.

Chitng minh hoan tat.

Bai toan 4: Cho tam gidac ABC noi tiép duong tron (O). xy 1a dudng thang tiép xic v6i (O) tai
diém thuoc cung BC khong chita A. Goi hg, by, he 1an lugt 1a do dai cac doan thang vuong goc véi
ry vé tit A, B, C. Chitng minh rang:

\Vha.sinA=+/hgsin B+ \/hcsinC

Lai gidi:



Ta co:

AFE AFE
ha = AE.sin AEx = AE.— = \Vhy =

2R V2R
BE E
Tu’ong tu’ ta co: vV hB = \/ﬁ, vV hC’ = Sﬁ

Theo dinh li Ptolemy ta co:
AE.AC = BE.AC+ CE.AB.

Theo dinh 1i sin ta c6:

BC  CA AB
sin BAC  sinCBA sin ACB’

Tu trén ta suy ra: AE.sin BAC' = BC.sinCBA + C'E.sin ACB.

Suy ra:
\V/ha2R.sin BAC = \/hg.2R.sinCBA + \/hc.2Rsin ACB.
VhasinA=+\/hgsin B+ \/hcsinC.

Nén ta suy ra:

Ta c6 diéu can chiing minh.

Bai toan 5: Cho tam giac ABC vuong tai A noi tiép duong tron (O).5 la dudng tron tiép xuc
v6i OB, 0A, (0). v la dudng tron tiép xic véi OC,0A, (0). P,Q la tiép diém cta 3,7 véi OA.
Chitng minh rang:

AB AP
AC  AQ
Loi giai:
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Goi I, J lan luot 1a tiép diém cta 3,~ v6i BC.
Ap dung dinh Ii Casey cho cac dusng tron 3, (B), (C), (A), ta co:

AP.BC + BI.AC = CI.AB.

& AP.BC + AP.AC = (BC — AP).AB.
& AP.(AB+ BC + CA) = BC.AB.

Twong tu, ta cing c¢6 dug:c
AQ(AB + BC + CA) = BC.AC.
Suy ra:
AP BC.AB ‘ BC.AC _AB
AQ AB+BC+CA AB+BC+CA AC’

Chitng minh hoan tat.

Bai toan 6: Cho tam giac ABC'. (O; R) la duong tron bat ki di qua B, C. (O1, Ry) 1a dudng tron
tiép xtic v6i AB, AC va (O) lan lugt tai M, N, P. K la diém chinh gitta cang BPC ctia (O). Chiing
minh riang BC, M N, KP dong quy.

Loi giai:

Ta c6 bo dé sau: Cho hai duong tron (Oy; Ry); (Os; Ry) cuing tiép xtc trong (ngoai) véi (O; R);
A, B 1an lugt 1a cac tiép diém. Ki higu 15 14 do dai doan tiép tuyén chung ngoai ctia (O1), (Os).
Khi doé:

lig = A?B\/(Ri Ri)(R+ Ry).

Viéc chiing minh bo dé trén, ban doc c¢6 thé tham khao & phan ching minh dinh 1i Casey.
Xét truong hop (Oy) tiép xtc trong véi (O). Truong hgp con lai chiing minh tuong t.

Ap dung bd dé tren cho hai dudng tron (Oy), (B) va hai dudng tron (Oy), (C):

BP P
BM = —V/R(R ~ Ri): CN = %\/R(R —“Ry).

S ~BM  BP
uy ra: o = P
Goi G la giao diem cia M N.PC.
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Ap dung dinh 1i Menelaus cho tam gidac ABC' va cat tuyén GM N, ta c6:

BG CN AM

GO NAMEB "

Suy ra:
BG BM  BP
GC  CN CP

Suy ra: G la phan giac ngoai BPC. Mat khac PK ciing la phan giac ngoai BPC.
Nén ta suy ra: KP, BC, M N dong quy tai G.
Ta c6 dieu phai chiing minh.
Bai toan 7: (IMO 1995)
Cho luc gidc 161 ABCDEF v6i AB = BC = CD,DE = EF = FAva BCD = EFA = 60°. G, H
14 hai dém nam trong luc gidc sao cho AGB = DHE = 120°. Chitng minh rang:
AG+GB+GH+ DH + HE > CF.
Loi giai:
Goi X, Y la cac dlem 6 ngoal luc glac sao cho AABC,ADEY déu.
Ta c6: AXB + AGB DYE + DHE = 180°.
Suy ra ti gidc AXBG, DHEY noi tiép dudc. Theo bai toan 1 phan 11, ta c6: XG = AG +
GB:HY = DH + HE.
Suy ra:
AG+GB+GH+ DH+ HE=HG+GH+ HY > XY =CF.
Ta c6 diéu can chiing minh.
Bai toan 8: (Dé thi chon doi tuyén Da Nang 2011)
Cho dudng tron (O). Trén (O) lay hai diém c6 dinh A, B sao cho cac tiép tuyén ctia A, B cit nhau
tai P. Mot diem C di dong trén cung 16n AB ctia (O). Duong thing CP cat (O) tai D khac C.
Goi I, J 1an luot 1a trung diém ctia CD, AB. Hay xac dinh vi trf ctia dém C' trén cung lén AB sao
cho S=JD+ JC —IA—IB+ CD — AB dit gia tri 16n nhat.

Lai gidi:

Ta c6 tit gidc PAIB noi tiép duge duong tron.
Ap dung dinh li Ptolemy vao ti giac PAIB ta c6:
PO.AB

PAIB+ PBIA=POAB=IA+1IB = i
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Goi @ 1a giao diém ctia tiép tuyén tai C, D ctia dudng tron (O).
Tuong tu, ta co:

QO.DC
D = .
JD + JC oD
faco PO.AB A0 2R
' = AB =—_AB = 2R.
PA AJ AB h
Tuong tu, ta ciing co:
QO.DC _op
QD
Suy ra: ID+IC =TA+IB.
Suy ra:
S=JD+JC—-IA—-IB+CD—-AB=CD — AB <2R — AB = const
Dau ” =7 xay ra khi C la diém chinh giita cung 16n AB.

Bai toan 9: (IMO 2011)

Cho tam giac nhon ABC noi tiép dudng tron I'. Goi [ 1a tiép tuyén t6i I, va Iy, [l, I, 1a cac dudng
thang dbi xing vé6i | qua BC,CA, AB tuong ting.Chiing té ring dudng tron ngoai tiép tam giac
xac dinh béi Iy, I, [, tiép xtc véi duong tron T

Lai gidi:

(Dua theo CHOW Chi Hong- thanh vién doi IMO HongKong 2011)

Ta c6 bd dé sau: Cho tam gidc ABC nhon va dudng thing [ bat ki. Dung cac dudng thing doi
xting v6i [ qua cac canh BO,CA, AB. Ching cat nhau tao thanh tam giac A’B’C’. Chiing minh
tam duong tron noi tiép tam giac A’B’'C’ nam trén dudng tron ngoai tiép tam giac ABC.

Phan chiing minh b6 dé trén xin danh cho ban doc.

Trd lai bai toan 9:

/]
é’.‘h‘q

S

E v{/
D

AH
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Khong mat tinh tong quat gia st [ tiép xtc véi (O) tai diém T thudc cung BC khong chita A.

la, Iy, I, cit nhau tao thanh tam gidc A’, B’, ¢’ nhu hinh vé. Goi I 1a tam duong tron noi tiép tam
gidc A’B'C’, ban kinh r; R 14 ban kinh duong tron ngoai tiép tam giac A’B'C".

Ve AK L I:AF L ABIN | A'B': = AK = h,.

Goi tx 1a do dai doan tiép tuyén tit X dén I'.Ta c6:

ID AF
r=VATAA= . .
ta \/sinDA’I sin DA'I
 VIDAK IDAK ik,
 sinDA'I cosA  cosA’

\r.hg

cos A

Suy ra:

ta.B'C" = 2R.sin(180 — 2A) = 4R.\/h,.r.sina.

Hoan toan tuong tu, ta co:

tp.C'A" = 4R.\/hy.r.sin B;
ter. A'C' = 4R.\/h..r.sin C.

Tt cac hé thiic trén va ap dung bai tap 4, ta suy ra:
ty.B'C =tg.C'A +to . AB.

Ap dung dinh li Casey ddo (*), ta suy ra A’B'C") tiép xic v6i I'. Chitng minh hoan tét.

V. Bai tap dé nghi:
Bai tap 1: (Dinh I Lyness)
Cho tam giac ABC noi tiép duong tron (O). Dudng tron « tiép xic véi day cung BC' tai D va cac
canh AB, AC tuong ting tai P, Q. Chiing minh ring I 1 trung diém ctia PQ véi I la tam dudng
tron noi tiép tam giac ABC.
Bai tap 2: (Dinh li Ptolemy mé rong cho luc giac)
Cho luc giac M N PQRL ndi tiép duong tron (O). Dat ML = a; PQ = d/; RQ = b; MN =UV; NP =
¢;LR=c;RN =e; MG = g; LP = f. Chiitng minh rang:

egf =ad'e+ bV f + cc g+ abe + a't'c.

Bai tap 3: (Nguyén Van Quy - Mathley Round 11)
Cho Iuc gidc ABCDEF cac canh AB, CD, EF bang nhau va bang m don vi; cidc canh BC, DE, F A
cing bang n don vi. Cac duong chéo AD, BE,C'F c6 do dai tuong ting 1a z,y, 2 don vi. Chiing
minh rang:

1 1 1 3

>

xy  yz zxr  (m+n)
Bai tap 4: (IMO 1991)
Cho tam gidc ABC va diéem P nim trong tam giac. Ching minh rang géc nhé nhéat trong cac goc
PAB; PBC: PCA nhé hon hodic bing 30°.
Bai tap 5: Cho (2n + 1) da giac déu A;Ay... Ay, 1. A la diém thuoc cung A; As, 1 khong chiia
cac dinh con lai cia da giac. Chitng minh rang:

AA; + AAs+ ...+ Al = AAs + AAL+ ... + AA,,.
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Bai tap 6: Cho tam giac ABC khong can c6 D, E, F lan ludt la trung diém cia BC,CA, AB.
Dudng tron noi tiép (1) va dudng tron (DEF)tiép xtc trong v6i nhau tai diem Feuerbach — F,.
Chitng minh ring mot trong céc doan F,D; F,E; F.F c6 do dai bang tong hai doan con lai.

Bai tap 7: Cho tam giac ABC v6i BC = a;CA = b; AB = ¢, mg; my; m. lan luct 14 do dai ba
duong trung tuyén xuat phat tit A, B, C. Chitng minh réng:

Smampme < v/(2a% + be)(202 + ca)(2¢2 + ab).

Bai tap 8: Ciing vdi cac ki hieu nhu bai 7, chitng minh rang:

Mg + My +me < /3p2 4 (a —b)2+ (b—¢)2 + (c — a)
Bai tap 9: (Dé thi chon doi tuyén Pht Tho nam 2011)

11
Cho tam giac ABC ¢6 BC > AB > AC va cos A+ cos B+ cosC = 3 Lay X thuoc doan BC,Y

thuoc tia AC sao cho BX = AY = AB. Z nam trén cung AB khong chta diém C' clia dudng tron

(ABC) thoa ZC = ZA + ZB.Tinh:
ZC

Xo+vC
Bai tap 10: Cho tam gidc ABC noi tiép dudng tron (O). Hai diém M, N € BC sao cho MAB =
NAC. Goi P, Q la giao diém thit hai khac A ctia AM, AN v6i dudng tron (O). Chitng minh rang;

AP+ AQ > AB+ AC > AM + AN.

Bai tap 11: (Polta-Mathscope)
Cho tam gidc ABC nhon. D, E, F lan lugt 1a cac tiép diém tit cac duong tron bang tiép géc A, B.C
xuéng BC,CA, AB. Chitng minh ring:

AB+ BC+ CA

DE+ EF +ED > 5

Bai tap 12: Cho tam giac ABC noi tiép (O). P la mot diém bat ki thuoc canh BC; AP cét (O)
tai diém tht hai la Q. Goi (O;) la duong tron tiép xic trong véi (O) va tiép xtc véi hai canh
PA, PB; (0y) 1a duong tron tiép xic trong véi (O) va tiép xtc véi hai canh PC, PA. Goi (1), (1)
thtt tu 14 tam cta dudng tron noi tiép tam gidc PQB, PC(Q. Chitng minh rang: 0,0, I, 1,, BC
dong quy.

Bai tap 13: (hucht-Mathlink)

Cho sau duong tron C; véi i = a,b, ¢, d, e, f cing tiép xtc v6i mot dudng tron khac. t,, la do dai
doan tiép tuyén chung ciia hai dudng tron (C,), (C,). Chiing minh rang:

tcf‘tad-tbe = tab‘tde-tcf + tbc‘tfeftad + tcd'tfa-tbe + tab'tcd-tef + tbd-tde-tfa

Bai tap 14: Cho ti giac ABCD noi tiép duge c6 K 1a giao cia AC, BD. I 1 tam duong tron
noi tiép tam gidc AK B.(0) la duong tron c6 tam J tiép xic véi KC, KD va cung C'D lan lugt
tai L, N, X. Chiing minh réng: X 14 phan giac clia AXB.

Bai toan 15: Cho tam giac ABC ngoai tiép (1), noi tiép (O). (I) tiép xic véi BC,C A, AB lan
lugt tai D, B, F. D' 1a diém déi xing ctia D qua EF. Chiing minh rang AD’, BC,OI dong quy.

Dinh 1i Ptolemy 1A mét dinh 1i rat dep va rat hay trong hinh hoc. Phia trén chi la
mot vai tng dung cta dinh 1i kinh dién nay. Do khuon khé ctia bai viét cé6 han, tac
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gia xin ding bai viét ¢ day. Mong ring ban doc con ¢6 thém nhitng tim hiéu sau hon,
tha vi hon dinh li nay.

Tac gia xin gt 18i cAm on dén thay gido Nguyén Khoa Tt - gido vién truong THCS
Nguyén Tri Phuong, ngudi da truyén cam hing va tinh yéu hinh hoc dén tac gia. Xin
gti 18i cam on dén thay Chau Ngoc Hung- gido vién trudng THPT Ninh Hai, Ninh
Thuan, anh Ong Thé Phuong - 16p 12 Toan trusng THPT chuyén Luong Thé Vinh,
Pong Nai, anh Huynh Phuéc Truong- hoc sinh trusng THPT Nguyén Thuong Hién,
TP HCM, chi Nguyén Hién Trang - hoc sinh truéng THPT chuyén Phan Bsi Chau,
Nghé An da gitp d6 rat nhiéu dé tac gia dudc hoan thanh bai viét nay.

Hi vong qua bai viét nhé nay, ban doc sé cam thiy yéu hon hinh hoc.

VII. Tai liéu tham khao:
[1] Tran Vin Tin - Cac chuyén dé hinh hoc bdi dudng hoc sinh giéi THCS.
[2] Zaizai - Kham pha dinh 1i Ptolemy.

[3] Tap san toan hoc trudng THPT chuyén Quéc Hoc Hué.

[4] Oleg Golberg - Ptolemy’s theorem.

[5] Tran Nam Diing - Bt dang thiic Ptolemy va ting dung.

[6] Dién dan Mathscope.org.

[7]

3]

9]

[
[

7] Dién dan Mathlink.ro.

8] Tap chi Mathematical Excalibur.

9] Shailesh Shirali - On the generalized Ptolemy Theorem.

11] Geometry Mathley.

12] Cac tai liéu tir Internet chua r6 tén tac gia:

- Dinh li Ptolemy, bat ding thiic Ptolemy va cic van dé lién quan.
- Céac dinh 1i hinh phing.
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