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Bat dang thirc 1a mdt trong nhirng inh wre hay nlat cua toan bc .Trong & d6 bt
dang thrc hinh ke doi hoi ca tu duy hinh ke 1an kién thic V@ bat dang thrc dai sb
co ban nhr Cauchy_Schawrz, AM_GM, Biéu d6 khién khong it lan tré ngai 1am
bai toan lién quadén bat dang thrc hinh oc.Chinh vi gy batigoalhi vong
chuy@ndé sau 8§ giup ich plin nao cho cécdn. DBic biét cac lan yéu thich Bt
dang thic va yéu thich hinhde phing.

M 6t sb ki hiéu sit dung trong chuyénde:

A, B, C la caalinh aia tam giac.

a,b, c 1an luot 1a do dai cac enh BC, CA AR

h,,h,,h 1ado dai cac chiu cao d@a tam giddABC tuonging ha tir cacdinh A, B, C.
m,, m, m lado dai caatuong trung tugn cia tam gia@ABC tuongng xut phat fr
cacdinh A, B, C.

.1, . 1add dai caatuong phan giac trongia tam giadABC tuong ang xut phat tr
cacdinh A, B, C.

R ban kinhtuong tron ngai tiép AABC

r ban kinhdudng tron i tiép AABC

S din tich tam gia®AABC

P Nira chu viAABC

|.B4t diang thirc gira cac @nh ciia tam giac
.1 Tinh chat
Tinh chit 1
Trong AABC tong hai @nh bit ki luén bn hon canh con Ai:
AB+ AC> BG AB+ BC AC AG@ BE A
Tinh chit2
AABC c6 AC > BC khi va ch khi JABC> O BAC.
Tinh chit3
1

AABC co dgn tich S5 < > AB AC.
Chizng minh
TacoS,pc =

Tinh chit 4
Vi métdiém O kit ki trong AABC thiOA+ OC< BA+ BC

AB AGsinJ BAC<_—; AB Al

N



Chizng minh

E C
D

Goi D la giaodiém cia AO va BC.
Ta c6:0A+ OC< OA+ OD+ DC= ADr D& AB BB D& AB B

1.2 Cac vi du va bai tap
Vidul.l

Goi O la mot diém ram trong AABC.Ching minh &ng:
p<OA+ OB+ OC<2 [

Chizng minh

Ta co: AB< OA+ OB

BC< OB+ OC

AC< OA+ OC
nén AB+ BC+ CA<2(OA OB 0O¢
hay 2p< 2(0CA+ OB+ OQ =« p< OA OB O (1)
Mat khac hi c6: OA+ OB< CA+ CE

OB+ OC< AB+ AC

OA+ OC< BA+ BC
Cong cac ¢ ta c6: 2(0A+ OB+ OO <4 p- OA OB 0R2 (2
Tur (1) va (2) tadwoc diéu phai ching minh.

Vidul.2

Cho AABC c6 a, b, cla do dai trongung cac anh BC,CA,AB. Clirng minh &ng:
(atb-9(b+c- g(ct a b ab

Chirng minh

Vi p la nra chu viAABC.

Taco:(a+b-o(b+tc-g(ct a b=8(p A p X P )

Pit x=p-ay= p-h = p taco:abc=(x+ Y(y+ ¥} # X.Bitdang thrc cin

chirng minh té thanh:

8xyzs< (x+ Y(y 3 # X (D& dang cking minh theo Bt dang thric AM-GM)

Vidul.3



Cho AABC c6 a, b, cla o dai trong ttng cac enh BC,CA,AB. Chirng minh &ng:
3(ab+bc+ cg<(ar br ¥¥<4(ab be cf

Chirng minh

Dva vao lat dang thrc AM-GM, ta co:

a’+b’=2ab, c®+b’=2ch &+ ¢= 2 a

Cong céac Bt dang thrc trén ta co:

a’+b’+c*= ab+ ber ce

-~ (a+b+d*=3(ab+ bet ca (1)

Bay giv ta ching minh (a+ b+ ¢)* < 4(ab+ be+ ca

~ a’+b*+c?+2(ab+ bet cd<4( ab be ¢

« a’+b*+c-2(ab+ bet cd<0 < a’+b’+ < 2(ab+ ber ca. (2)

That vay do a, b, ¢ lado dai cac enh tam giac nén ta co:

a<b+ce &< dbt ¢

Tuong tr b> < b(a+ 9 ,c® < c(b+ g

Cong cac Bt dang thirc ta co:a? + b* + ¢ < 2(ab+ betr cd vay (2) ding.

Tu (1) va (2) taduoc diéu phii chang minh.

Vi du 1.4 ‘

Cho AABC c0 a, b, cla do dai trongttng cac enh BC, CA, AB. Clitng minh &ng:
3 _ a b c
—< + + <2
2 b+c cta athb

Ching minh

3 _ a b C

=< + + (Pay la kit dang thic Nebitda biét)
2 b+c c+a athb
b C

Bay g ta chrng minh a . + <2
b+c c+a atb
That vay do a, b, c 1ado dai cac enh tam giac nén ta co:
a+b+c a 2a
< I ¢ <
b+c a+b+c

a<b+ce at+t bt c<2(b+t ¢~

.. b 2b C 2c
Tuong tr ta co: < , <
cta atbtc a b a B «
Cong cac Bt ding thic trén ta c6—— + b , ¢ o5

b+c c+a atb

Vidulb

Cho AABC c6 a, b, cla o dai trong ttng cac enh BC, CA, AB. Cling minh &ng:
a’(b+c-a+H(ct a b+ & & b <3 at

Ching minh

Ta viet lai bat dang thrc nhr sau:

a’(b+c-a+F(ct a b+ é & b -2 abs al

~ (b+c-a(c+ a- B( a+r b- §< ab (Pay chinh la bt dang thric 1.2)



Vidu 1.6
Cho AABC c6 a, b, cla o dai trong ttng cac enh BC,CA,AB. Chirng minh &ng:

a’b(a-bh+Bcb 3+ e p0

Chirng minh o
bata=y+z b= # X & x . Batdang thrc da cho té thanh:

20y’ + yZ+ zX)-2( X y# Xy € xyr=0
o XY +YyZ+ zZX2 Xy Xy ¥ Xy

X2 y2
o —+Z -+ >xX+ty+z
y z X

Ap dung kit d¢ang thrc Cauchy_schwarz, ta co:
2 2 2

XY, Z ey
y zZ X Xty z

Vay bat ¢ang thic ¢a choduoc ching minh.

Vidul.7

Cho AABC nhon c6 a, b, cla 6 dai trongtng cac anh BC,CA,AB. Clirtng minh &ng:

a, (p—a(p-bH<atk
b,(p-a)(p-B+(p-B(p-s+(p X p B

Chang minh
a, (p—-a)(p-b)< ak

=X+ Yy+Z.

ab+ bc+ ca
4

a+b+c

= p’-p(ath<0< p< at be < art

a+b+c<2a+2b- c< a+ t(Lubnddng doa,b,c la cac anh tam giac)
b,Pit a=y+zb= # x & » . Bitdang thicda cho té thanh:
Axy+yzt zys(yr K 2 (2 )k &)y ( )y +y)
= Xy+yz+ 26 X+ ¥+ 2
That vay, ta co:
X2+ Yy 22Xy, V+ Z22y7 2+ %2 :
Cong cac Bt dang thrc trén, tatuoc xy+ yz+ 26 X+ 9+ 2

Vidul.8
Cho AABC nhon c6 a, b, cla d6 dai trong tng cac anh BC,CA,AB. Chitng minh &ng:

coSA coSB codC &+ B+ ¢é
+ + <
a b C 2abc

Chang minh ’
Goi R la ban kinkiuong tron ngai tiepAABC
Ap dungdinh li ham 8§ Sin, ta co:



202 4 ~2 _ o2
Z(b2+cz—a2)sin2A:Za(b +C2 a)
cyc cyc 4R

_2@p’+b’c+ dd)-(d+ B+ ¢) _(a+b+g(atb-9(br e N & & b>0
4R? 4R?
Dodd > (b*+c’-a) s’ A=) (F+ ¢- &)1~ sin* A

cyc cyc

<> (*+cf-a)=a+ b+ ¢

cyc
Ap dungdinh Ii ham 8 Cosin, ta co:
Y PP+ -a) s’ A< &+ F+ ¢ D 2bces’ K & Br (¥
cyc cyc
Chia @ hai \ cua (*) cho 2abc taduoc diéu phai chirng minh.
Céch 2
coS’A COsA g+ ¢-d&_ d+ B+ ¢
P WA 5 oy -

5o a e ¢ 2abc 2abc

Vidul.9
Cho AABC nhon c0 a,b, cla @ dai irongung cac enh BC,CA,AB va pla nra chu

vi AABC. Ching minh &ng:
> (a+h)./ab( p- §( p- <3 ab

cyc

Chang minh
Tacé:abc -(a+ B*(p- &( p- b= abt-( a )B[Cz_(j_ b)ZJ

_(4ab-(a+ b’)c+(a h(a b
4
_(a-b?*[(a+b*-¢]
- 4
Do d6 abc - (a+ B*( p- 3( p- b=0
= (a+b)*(p-ad(p- h< abé ~ (a+b)*al( p- §( p- h< &4 b ¢
= (a+b)Jal p- 3( p- < ab
= Y (a+b)ja p- 3( p- h<> abe3 ab

cyc cyc

Vidu 1.10 ‘
Cho AABCcO a, b, cla do dai trongtrtng cac enh BC,CA,AB. Chlirng minh &ng:
P>+ -a)(c+ a- b)(a&+ - < &6 ¢
C}h(rng minh ’
Ap dungdinh li ham 6 Cosin, ta c6:
b*+c?-a’=2bccos A c?+a’-b*=2camsB,a’+b*- c?=2ah ®sC
Dodo (b*+c*—a)(c’+ a— b)( &+ - A< &b
- 8a’b’c?*cosAcosB co< &1 é

20




~ COSA coB coﬁ:sé (Pay la tit dang thrc oo ban trong tam giac &dang cling

minh)

Vidu1.11
Cho AABC.Gia sir dudng tron mi tiép AABC tiép xdc Wi cac anh AB, BC,CA kn luot
tai cacdiém P,Q R.
Chirng minh &ng:
BC CA AB
+ + >0
PQ QR RP

Chang minh

Ta c6: PQ=2(p- Bsin® = 2(p- b)[(P=P=3
2 ca

(p—-a(p-DH
s

RP=2(p- a)sm—-2(p— ax/—(p D)(p-9

Ap dung kit dang thrc AM GM, ta co:

BC, CA, AB_,_ [BCCAAB 3§/ ( abR
PQ QR RP "\ PQQRRP "g[(p-a)(p-b)(p- 9|
Ta ch can ching minhabc=8(p- a( p- B( p- ¢
= afttb-c bt c— a @ a b ab(*
(*) chinh 1& kit ding thic oaa vi di 1.2d&dugc ching minh.
BC CA AB_3\/§ 6.
Q QR RP

QR=2(p- Qsin%: 2(p- ¢

Vay ta c6:

Vidul.12
Cho AABC nhon c0 a, b, cla d6 dai irongtng cac enh BC,CA,AB va pla nra chu

vi AABC. Ching minh &ng:

X B . ) EaEb_Cc
(p-a°(p b(rrc)s(zj(zj(zj

Ching minh
Ap dung hit ¢ing thrc AM_GM suy 6ng, ta co:



p-a, , p- bc+ p—- C

e
b c a ) a+ b+ ¢ ot

X e e Eat_)b_cc
- - (oo 0°5(3) (3 3

1.B 4t ding thirc giira dién tich va cac ¥u té khac aia tam giac.

Vidu?2.1 ‘

Ching minh &ng trong AABC, ta ludn co:
>>3/3
r

Chirng minh

Ap dung kit dang thrc AM-GM, ta co:

(=P BP9 > ip-a)p- BP9
o 0B e g <P — (oeaoeb oo a< P

= Y(p-a)(p-B(p 9= = (P=aA(p-D(p- 9=

4 4
= p(p—a(p-H( p- ()s% - és% (theo cbng thc Heron)

Mat khac ta c6:S= pr nén p :§.
r

N s* s S
Viytaco: s o <> o 2 >27. 233,

i 27 2%t r?
Vidu?2.2 7 ‘
ChoAABC va M la nt diem thujc mien trong @ia AABC.Goi d_, d,, d.la khaang cach
tu M dép cac anh aia tam giac ABC. S la éin tich AABC va R la ban kinlkduong tron
ngaai tiep AABC
Chang minh &ng:

1 1 1 1

2S(—+—+——-—>-)=>d +d+

Gyt g2dtrard
Chirng minh
Khong nit tong quat gi sr a<b<c
Ta Cé: S = %MAB + §MAC + §\/IBC

- 2S=ad+ bg+ cd> &g+ g+ o

IR d, +d, + d, . Dodo ta ch cin ching minh:
a

28(l+—l——1)20c> —1+—1——12 0= —1+—12—]

b ¢ R b ¢ R b c F

Ap dungdinh li ham 8§ Sin, ta co:

1 1 1 1 1 1 1

—+= + >—+——=_"

b ¢ 2RsinB 2RsinC 2R 2R |
Vay %+}2|—inén kit ding thrc & choduoc chrng minh.
C






