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Tu gidc noi ti€p la mot kién thitc kha co ban va quan trong cua chuong trinh hinh
hoc THCS, né cé nhiéu ting dung trong viéc giai c4c bai toan hinh hoc phang. Mot s6 két
qua hinh hoc néi ti€ng chi dugc giai bing t gidc noi tiép. Bai viét nay sé trinh bay mot so
van dé lién quan dén ti gidc noi ti€p, gidp cho cdc ban hoc sinh THCS nang cao Ki nang
gidi to4n hinh hoc va ¢ nén tang viing chic dé hoc t6t mon hinh hoc sau nay.

Trong bai viét, tic gia c6 gang trinh bay 10i gidi sao cho tu nhién, huéng di rd rang
dé ban doc dé nam bat dugc y tudng cia 10i giai. Khi hiéu duoc y tudng cia 10i giai, cac
ban hay tu dic két kinh nghiém cho riéng minh.

Hi vong bai viét sé 1a tai liéu tham khao hitu ich cua dong dao thiy co va cac ban
hoc sinh THCS, dic biét 1a nhitng ban chuén bi thi hoc sinh gioi cap tinh, thanh phé.

Bai viét kho tranh khoi nhitng sai s6t, mong nhan duogc y kién déng gop ctia ban
doc qua email : vancanh2095@ gmail.com.

I. TOM TAT LI THUYET
1. Cac dau hiéu nhan biét tir giac noi tiép
Ta da biét, dé chitng minh mot t& gidc noi tiép, ta co thé :
e Chitng minh bon diém d6 cach déu mot diém (ma ta c6 thé xac dinh dugc).
e Chiing minh téng hai géc d6i dién bu nhau.
e Chitng minh g6c ngoai tai mot dinh bang géc trong ctia dinh déi dién.
e Chitng minh hai dinh ké nhau cing nhin canh d6i dién du6i hai géc bang nhau.
Ngoai ra, ching ta can biét thém mot dau hiéu nhan biét sau day :
Dinh li. Cho tit gidc ABCD c6 E 1a giao diém ctia AB va CD, F 1a giao diém clia AC va
BD. Khi d6, cdc diéu kién sau day 1a tuong duong véi nhau :
a) T gidc ABCD ndi ti€p.
b) EA.EB=EC.ED.
¢) FAFC=FBFD.
Ban doc dé dang ching minh dinh Ii trén bang tam gidc dong dang.
Dinh If trén cho ta nhan biét tif gidc noi ti€p dua vio méi quan hé gifta cic doan thing,
diéu nay that sy hiéu qua khi ta khong tim dugc cdc méi quan hé vé géc.
2. Phuong phap chung dé chitng minh nam diém cung thuéc mét duong tron
(truong hop nhiéu hon ta lam tuong tu)
Gia sir ta cin chiing minh nam diém A, B, C, D, E cung thuoc mot dudng tron. Ta biét
riang c¢6 duy nhat mot duong tron di qua ba diém khong thing hang, vi vay dé chiing minh
nam diém trén cing thudc mot dudng tron, ta sé chitng minh né ciing thuoc dudng tron
qua A, B, C (hoic cdc bo ba diém khéc). Khi d6 ta quy vé viéc chitng minh céc tit gidc
ABCD va ABCE ndi ti€p (xem vi du 12 va 13).
Tuy nhién, trong mot s trudng hop cu thé ta c6 cach giai khac.



IL. MOT SO Vi DU

e Cac bai toan chitng minh tif giac néi ti€p va nhiéu diém cluing thuéc mét

duong tron

Vi du 1. Cho hinh binh hanh ABCD. Dudng phan giac cta géc BAD cat BC, CD lan luogt
O M, N. Goi I 1a tam dudng tron ngoai ti€p tam gidc CNM. Chitng minh rang ti gidc
BCID noi tiép.
Loi giai
Ta c6 DNA = NAB = DAN nén tam gidc DAN can tai D, suy ra DN = DA = BC.
Tuong tu chiing minh duoc tam gidc CMN can tai C nén CN = CM. Do d6 DC = BM.
Mt khac do tam gidac CMN can tai C nén ICD =ICM =IMB, két hop vé6i IC = IM ta c6
AICD = AIMB(c.g.c) = IDC =1BC.
Vay tit giac BCID noi tiép.
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M

Vi du 2. Cho hinh binh hanh ABCD tam O. Goi E, F, G theo thit tu 1a hinh chiéu cua D
tréen AC, AB, BC. Ching minh rang O nam trén dudng ngoai ti€p tam gidc EFG.

Loi giai

Ta xét hai truong hop :

- Truong hop goc B tu.
G
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Ta c6 tam gidc BFD vuong tai F ¢6 O 12 trung diém ctia BD nén tam gidc BOF can tai O.
Suy ra BOF =180° —20BF . Tuong tu BOG =180° —20BC.
Tu dé co :
FOG =360° —2ABC =2BAD (1)

Do cac tit giac AFED, DEGC noi tiép nén

FEO = ADF =90° —BAD

GEC =GDC =90° —BCD =90° —BAD
Suy ra FEG =180° —(FEO+ GEC) =2BAD (2)
Tu (1) va (2) suy ra FOG = FEG hay tt gidc OEGF noi tiép (dpcm).
- Truong hop goéc B nhon.

F

B C G
Ta c6 cdc t& gidc DECG va DEAF noi tiép nén DEG = DCG = ABC va
DEF = DAF = ABC nén

FEG =2ABC (1
Mait khac FOD =2ABD va DOG =2CBD nén
FOG =2ABC (2)

Tue (1) va (2) suy ra tit gidc FOEG noi ti€p (dpcm).
Vi du 3. Cho tam gidc ABC can tai A ndi ti€p duong tron (O) duong kinh Al Goi E la
trung diém clia AB va K 1a trung diém ctia Ol. Chitng minh rang t& gidc AEKC noi tiép.
Phdan tich. Do tinh do6i xting qua Al nén

KBE = KCA. Vay d€ tt gidc AEKC noi ti€p duoc A

ta s€ ching minh tam gidc KEB can tai K.

Loi giai

Ké KH 1. AB(K € AB). Ta ¢6 KH // OE nén theo
dinh Ii Ta-1ét :

E:£:2:>BE:AE:2HE. Suy ra H Ia

HE KO r O
trung diém ctia BE, do d6 tam gidc KEB can tai K.

Vay KEB =KBE =KCA hay t gidc AEKC noi B

tiép. K




Vi du 4. Cho tam gidc ABC ngoai ti€p dudng tron (I). Céc ti€p diém cua (1) véi AB, AC
theo thit tu & M, N ; MN cit IB, IC theo thit tu & D, E. Ching minh rang ti gidc BEDC noi
tiép.

Loi giai
Ta co DIC=IBC+ICB=@+@=9OO—% (1)
2 2 2
. N . o BAC
Do tam gidc AMN can tai A nén DNC = ANM =90° — — (2)

Tur (1) va (2) suy ra ti gidac INDC noi ti€p, do d6 BDC = INC =90°.

Chitng minh tuong tu, ta c6 BEC=IMB =90°. Suy ra BEC = BDC =90°.
Vay tit gidc BEDC noi ti€p dudng tron duong kinh BC.

B C

Vi du 5. Goi O 12 giao diém hai dudong chéo clia hinh thang ABCD (BC // AD). Lay M
thudc doan OA, N thudc doan OD sao cho BMD = ANC . Chiing minh rang ti gidc
BMNC noi tiép.
Loi giai
Gia sir dudng tron ngoai tiép tam giac BMC cat OD tai N'. Tacé BMC=BN'C (1)
Talai c6 CMN'=CBN'=ADN' nén td giac AMN’C noi ti€p duoc. Suy ra
CMD=CMN'+N'MD=ADN'+N'AD=180°-AN'D=BN'A (2)
T (1) va(2)tac6 BMD=AN'C=ANC = N=N".
Vay tr gidc BMNC noi tiép.

B

C
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Vi du 6. Cho hai duong tron (O) va (O’) cat nhau tai M, N. Tiép tuyén tai M cta (O) cat
(O’) tai B, tiép tuyén tai M ctia (O’) cat (O) tai A. Goi P 1a diém d6i xing ciia M qua N.
Ching minh rang t gidc MAPB noi tiép.

Loi giai

Goi K 1a diém d6i xting cia M qua trung diém ctia OO’. Ta c6 ttt gidlc OMO’K la hinh
binh hanh nén OM // O’K, O’'M // OK. Mit khac do OM L MB,0O'M 1. MA nén

O'K L. MB,OK L MA . Vay OK, O’K chinh la cic duong trung truc cia MA, MB nén

KA =KB =KM. (1)
Mat khac dé ching minh duoc KN // OO’ ma OO' L MN nén KN | MN. Do MN = NP
nén tam gidc KMP can tai K, suy ra KM =KP. (2)

Tie (1) va (2) suy ra KA = KB = KM = KP. Vay tt gidc AMBP noi ti€p.

p

Cdch khdc. Tacé6 AMN = MBN, MAN = BMN nén AAMN ~ AMBN (g.g) . Do d6
A P - .

AN _ MN = N =N—:AANP~APNB(c.g.c):>NAP=NPB

MN BN NP BN

Tur d6 suy ra MAP = MAN + NAP = PMB + MPB = 180° — MBP..

Vay t gidc AMBP noi tiép.




Vi du 7. Cho diém M thudc cung nhé BC ctia duong tron (O). Mot dudng htang d & ngoai
(O) va vuong goc v6i OM ; CM, BM cit d 14n luot 6 D, E. Ching minh ring B, C, D, E
cung thuoc mot duong tron.

A

Loi giai
K¢é dudng kinh AM, AM cit d tai N. Ta c6 ANE = ABE =90° nén ttt gidc ABNE noi
tiép, suy ra BEN = BAN.

Mat khic BAN =BCM, do d6 BCM = BEN hay BCD =BED.

Vay B, C, D, E cung thuoc mot dudng tron.

Vi du 8. Hai day AB va CD ctia mot dudng tron cét nhau tai I. Goi M 1a trung diém cua
IC va N la diém d6i xtng véi I qua D. Ching minh réing ti gidc AMBN noi tiép.

N

Loi giai
Tacé IM.IN = %IC.ZID =IC.ID. Mat khac IC.ID = TA.IB, do d6 IA.IB = IM.IN.
Suy ra ti gidc AMBN noi tiép.



Cdch khdc. Goi K 1a diém d6i xiing ctia B qua I. Do AAID ~ ACIB nén Al_DI_N .
CI BI KI
Suy ra AANI ~ ACKI = CKI = ANI (1)

Do MB la duong trung binh ctia tam gidc ICK nén CKI = MBI ()

Tir (1) va (2) suy ra ANI=MBI hay ANM = MBA .
Vay & gidc AMBN ndi ti€p.
Vi du 9. Cho tam gidc ABC c¢6 AD la dudong phan giac trong. Bén trong cac géc BAD,
CAD lan luot vé hai tia AM, AN sao cho MAD = NAD. Goi M;,M, la hinh chiéu clia
M trén AB, AC; N,N, lahinh chi€u cta N trén AB, AC.
Chimng minh rang M;,M,,N,N, cling thuoc mot dudng tron.
Loi giai
Tur gia thi€t dé dang suy ra MAM, =NAN, , do d6 AMM, = ANN, (1)
Ta c6 cic ttt gidle AM;MM,, AN,;NN, ndi ti€p nén
AM,M, = AMM,, AN,N, = ANN, (2)
Tux (1) va (2) suy ra AM,M, = AN;N, = M,;M,N, =M NN, .
Vay bon diém M;,M,,N,,N, cling ndm trén mot dudng tron.

B M D N C

Vi du 10. Cho tam gidc ABC can tai A. Tir mot diém M bat ki trén canh BC, ké MP // AC,
MQ // AB (P thuoc AB, Q thuoc AC). Goi D 1a diém dai xiing cia M qua PQ. Chiing
minh rang A, B, C, D ciing nam trén mot dudng tron.
Loi giai
Ta c6 PMB = ACB =PBM suy ra tam gidc PMB can tai P, do d6 PB = PM = PD. Vay P

y . 1 1
14 tam dudng tron ngoai ti€p tam gidc BMD nén BDM = 5 BPM = 5 BAC.

Ching minh tuong tu ta c6 CDM = %CQM = %BAC. Suy ra BDC =BAC.

Vay bon diém A, B, C, D cing nim trén mot dudng tron.
Nhdn xét. Tl bai todn trén, ta ¢6 két qua : C6 dinh tam gidc ABC va cho diém M di dong
trén canh BC thi :



e Dudng thang DM luon di qua diém mot diém c6 dinh, d6 la diém chinh gitta clia
cung BC khong chita A.

e Quy tich ciia diém D la cung BC chita diém A (Khi D tring B hoac C thi M ciing
trung B hoac C).
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Vi du 11. Cho tam gidc ABC can tai A, dudng cao AH. Trén tia d6i cta tia BA 1dy di€ém
E, trén canh AC 1ay diém F sao cho BE = CF, EF cit BC tai 1. Pudng vuong géc véi EF
tai I cat AH tai D. Ching minh rang ti& gidc AEDF noi ti€p.

A
Ke— B L/VC

E D

Loi giai
Ké EK // AC (K thuoc BC). Dé thdy tam gidc BEK can tai E nén KE = BE = CF. Lai ¢6
KE // CF nén EKFC 1a hinh binh hanh, do d6 I 1a trung diém cta EF. Suy ra DE = DF.

Mit khac DB = DC va BE = CF nén ABDE = ACDF (c.c.c) = DEB =DFC hay la

AED = CFD . Vay td gidc AEDF noi tiép.

Nhdn xét. Bai toan sau day chinh la hé qua truc ti€p tlr bai toan trén : Cho tam giac ABC
can tai A. Goi E 1a diém di dong trén tia d6i cua tia BA va F 1a diém di dong trén canh



AC sao cho BE = CF. Goi O 1a tam dudng tron ngoai ti€p tam giac AEF. Chiing minh
rang O luon thudc mot dudng cd dinh.

Vi du 12. Cho hinh binh hanh ABCD c¢6 géc A tu. Trén tia doi cua tia AB, AD lan lugt
lay cac diém I, K sao cho DI = DA, BK = BA. Chiing minh rang I, K, B, C, D cling thudc
mot dudng tron.

K

D C

Loi giai

Tam gidc DAI céan tai D nén DIA = DAI = BAK = BKA hay DIB=DKB. SuyraD, I, K,
B cung thuoc mot duong tron.

Ta c6 BKD = BAK = CDA va CDA +BCD =180° nén BKD+BCD =180°.

Vay B, K, C, D cling thuoc mot dudng tron. Do d6 nam diém I, K, B, C, D ciing thuoc
mot duong tron qua B, K, D.

Vi du 13. Cho tam gidc ABC vuong tai A, I 1a trung diém ctia BC, D 1a diém bat ki trén
canh BC. Goi E, F la tam duong tron ngoai ti€p cua cac tam gidac ABD, ACD. Chiing minh
rang 5 diém A, E, I, D, F cing nidm trén mot dudng tron.

B

Loi giai

Do tam gidc ABC vuong tai A ¢6 I 1a trung diém ctia BC nén AIC=2ABD = AED. Suy
ra ti gidc AEDI noi tiép hay A, E, D, I cung thuéc mot duong tron.

Tuong tu ching minh duoc ti gidc A, F, I, D cung thuoéc mot duong tron.

Vay nam diém A, E, I, D, F cing thuoc mot dudng tron qua A, 1, D.



Vi du 14. Cho dudng tron (O) va mot diém A nadm ngoai dudng tron. Tir A ké hai tiép
tuyén AB, AC (B, C la céc tiép diém) va cét tuyén ADE (AD < AE). Goi H 1a giao diém
ctia BC v6i AO. Chiing minh rang t& gidc OHDE noi ti€p.

Loi giai

Dé dang ching minh duoc hai tam gidc ABD va AEB déng dang nén AD.AE = AB?

Ta c6 BH la dudng cao ctia tam giac vuong OBA nén AH.AO = AB?

Suy ra AH.AO = AD.AE, do d6 tit giac OHDE ndi ti€p.

B

C

Vi du 15. Cho tam gidc ABC can tai A c¢6 duong cao AH. Goi (O) la dudng tron ti€p xtic
vGi AB tai B, tiép xtc v6i AC tai C. Goi DE 1a mot day cung di qua H cua (O). Chiing
minh rang ADOE Ia t gidc noi tiép.

A

Trong dudng tron (O), ta ¢6 HE.HD = HB.HC = HB?.

Trong tam gidc vuong ABO, ta c6 HO.HA = HB?.
Suy ra HE.HD = HO.HA nén t&t gidc ADOE noi ti€p dugc.

10



e Sur dung tit giac noi tiép dé chirmg minh mét s6 két qua hinh hoc khac

T gidc noi ti€p cho ta cic moi quan hé chl yéu vé géc (hai géc doi bi nhau, hai géc
¢6 dinh ké nhau cuing nhin canh déi dién thi biang nhau, géc ngoai tai mot dinh bang géc
trong ctia dinh d6i dién). Pay chinh 1a di€ém khai thac chi yéu tir t gidc noi tiép.
Vi du 16. Cho tam gidc ABC ¢6 truc tam H, ba dudong cao AD, BE, CF. Chiing minh ring
H la tam duong tron noi tiép tam giac DEF.

Loi giai

Tt cac tir giac noi ti€p BFEC, BDHF, CDHE ta ¢6 :
HDF = HBF
HDE = HCE
HBF = HCE

Suy ra HDE = HDF hay DH la duong phan giac cua géc EDF.
Chiing minh tuong tu, ta c6 EH la duong phan giac cua géc DEF.
Vay H la tam duong tron ngoai tiép tam giac HEF.

A

& —y

B D C

Nhdn xét. Bai toan trén kha quen thudc, nhung néu khong st dung t giac noi tiép, ta c
céch giai khac bang tam gidc dong dang nhu sau :

K¢ EN, FM vuong géc véi BC (M, N thudc BC) ; P, Q theo thit tu 1a giao diém ctia HC,
HB v6i EN, FM. Theo dinh 1i Ta-1ét, ta c6 : m = & = E = @ = AMFD ~ ANED
EN EP HQ ND

— MDF =NDE. Do AD 1| BC nén HDE = HDF . Tuong tu d6i véi HE, ta s& c¢6 dpem.

A

11



Vi du 17. Cho dudng (O) va diém A & ngoai (O). Tir A ké hai tiép tuyén AB, AC (B, Cla
céc tiép diém). Ldy mot diém M thuoc cung nho BC va goi D, E, F theo thit tu 1a hinh
chiéu ctia M trén BC, CA, AB. Goi P 1a giao diém clia BM va DF, Q 1a giao diém cta DE
va MC. Ching minh rang :
a) MD? = ME.MF
b) PQ // BC.
Loi giai
a) T cac t& giac noi ti€p BDMF va CDME, ta c6 :
MDF = MBF = MCD = MED
MFD = MBD = MCE = MDE
Suy ra hai tam gidc MDE va MFD dong dang, tir d6 MD? = ME.MF.
b) Ta c6 MDQ = MBC, MDP = MCB nén PDQ =180° —PMQ, suy ra ti gidc MPDQ noi

tiép. Do d6 MPQ = MDQ = MBC, vi vay PQ // BC.

12



Vi du 18. Cho hinh thang can ABCD (AB // CD), diém M thuoc canh CD. Goi (O) 1a
duong tron di qua M va tié€p xic véi AD tai D, (O’) 1a duong tron di qua M va ti€p xidc voi
AC tai C. Hai duong tron (O) va (O’) cat nhau tai E khac M. Chiing minh rang E, M, B
thang hang.

Loi giai

Ta c6 MEC = ACD, MED = ADC nén DEC =180° —DAC. Suy ra ti gidc ADEC noi
ti€p. Mat khdc ti gidc ABCD ciing noi ti€p nén A, B, C, D, E cling nam trén mot dudng
tron. Tt d6 suy ra BEC = BAC = ACD = MEC hay E, M, B thing hang.

Vi du 19. Cho tit gidc ABCD noi tiép dudng tron (O). Pudng thang vuong géc véi AD tai
A cét BC tai E, EO cat CD tai F. Chitng minh ring AF 1 AB.

Phdn tich. Ta thay dé c6 AF L AB thi phai c6 BAF =90° < BAE + EAF =90°
< EAF=90° —-BAE.

Mait khic do ECF =180° —BAD =90° —BAE nén ta phai ¢c6 EAF = ECF. Hai géc nay
déu nhin doan EF nhung A va C khac phia so véi EF, vi vay néu 1dy A’ d6i xing vé6i A
qua EF thi bai todn quy vé viéc ching minh t& gidc EFCA’ noi tiép.

13



Loi giai

Goi A’ 1a diém doi xing clia A qua dudng kinh EOF, the thi A' e (O).

Ta c6 DAA'+EAA'=90° va AEF+EAA'=90° nén DAA'= AEF=A'EF.

Ta lai c6 DAA'+FCA'=180° nén A'EF+FCA'=180°, suy ra ti gidc EFCA’ noi ti€p.
Tir d6 suy ra ECF=EA'F=EAF = EAF=180° —BAD =90° — BAE = BAF =90°.
Vay AF L AB.

Vi du 20. Cho hinh vuéng ABCD. Lay diém M thuoc AD, N thuoc CD sao cho

MAN =45°. BM va BN cit AC theo thit tu & E, F. Chitng minh riang EF luon ti€p xidc véi
mot dudng tron ¢ dinh khi M, N thay déi.

Loi giai

Ta c6 MAF = MBF =45° nén tit gidc AMFB noi ti€p, suy ra MFN =90°.

Chitng minh tuong tu, ta c6 MEN =90°. Goi K 12 hinh chi€u ctia B trén MN. Khi d6 ta
c6 ABM = AFM = KBM (do céc ti gidc AMFB, MKFB noi tiép). T d6 dé dang ching
minh dugc BK = BA (khong d6i).

Vay MN luon tiép xtc v6i duong tron (B ; BA).

A B
E
M
F
K
D N C

Vi du 21. Cho dudng tron (O) va mot diém A & ngoai (O). Tir A ké cic ti€p tuyén AB, AC
dén (0) (B, CIa céc tiép diém), diém M thuoc cung nhod BC. Tiép tuyén tai M ctia (O) cat

AB, AC Ian luot 6 D, E. OD, OE cat BC lan luot tai H, K. Chitng minh ring OM, EH, DK

dong quy.

Loi giai

Ta c6 DOE = % BOM + % COM = %BOC =DBC =DCB. Suy ra céc td giac OBDK,

OCEH noi ti€p va do d6 DKO = EHO =90° hay EH 1L OD,DK L OE . Ta c6 OM, EH,
DK 1la ba dudng cao cua tam giac ODE nén chiing dong quy.

14



Vi du 22. Cho dudng tron (O) ¢6 hai dudng kinh AB va CD vuong géc véi nhau, diém M
di chuyén trén cung nho BC. Trén tia d6i cha tia EA 13y diém M sao cho EM = EB. Tim
quy tich cdc diém M.

Loi giai

Phdn thudn. Ldy diém K doi xing voi A qua C, ta c6 tam gidc ABK vuong can tai B va K
c6 dinh. Vi tam gidc EMB vuong can tai E nén AMB =45° = AKB. Suy ra tif gidc
AKMB ni ti€p, do d6 AMK = ABK =90°. Suy ra M chay trén dudng tron dudng kinh
AK ¢6 dinh.

Gidi han. Vi E di chuyén trén cung nho BC nén khi E tring B thi M trung B, con khi E
trung C thi M trung K.

Phdn ddo. Ldy mot diém M’ bat ki nam trén dudng tron dudng kinh AK (M’ khong tring
v6i Bva K), AM’ cit (O) tai E’. Do i gidlc AKMB noi ti€p dudng tron dudong kinh AK
nén AM'B=AKB=45°. Lai c6 BE'M'=90° nén tam giac E'M’B vuong can tai B hay
E'M’ = E'B (dpcm).

Két ludn. Quy tich céc diém M la dudng tron dudng kinh AK (ké ca B va K).

K




Vi du 23. Cho diém A ndm ngoai dudng tron (O). Tr A v& cac tiép tuyén AB, AC (B, C la
céc tiép diém) va cit tuyén ADE (AD < AE). Tur D ké dudng thang vuong géc véi OB cit

BC, BE lan luot tai K, H. Chting minh rang K 1a trung diém ctia ctia DH.

Phdan tich. Lay I 1a trung diém cua DE, khi d6 dé c¢6 KH = KD thi phai c6 IK // EH

= KID = HED = KCD. Vay ta chi can chiing minh t& gidc KICD noi tiép.

Loi giai

Goi I 1a trung diém ctia DE. Ta c6 OIA = OBA = OCA =90° nén nam diém O, I, B, A, C

ciing nam trén dudng tron dudng kinh OA. Do DK // OB nén KDI = BAI = ICK, suy ra td
giac IKDC noi ti€p. Do d6 KID = KCD = HED, vi vay IK // EH. Trong tam giac DHE, ta
c6 IK // EH va 1 1a trung diém ctia DE nén suy ra K 1a trung diém ctia DH.

Vi du 24. Cho hinh thang ABCD (AB // CD) c¢6 canh bén AD c¢6 dinh va noi tiép dudng
tron (0). Goi I 1a giao diém cla hai dudng chéo va d 1a dudng thang qua I song song véi
hai ddy cta hinh thang. Chiing minh ring d luon di qua mot diém c6 dinh.

Loi giai

Tacé AID = M =sd XD = AOD nén tt giac OIAD noi ti€p. V& dudng tron
ngoai ti€p tit gidc OIAD, do O, A, D ¢6 dinh nén duong tron nay c6 dinh. Goi K 1a giao
diém ctia d v6i dudng tron ngoai ti€p ti gidc OIAD. Ta ¢c6 AIK =ICD = IDC = DIK nén
K 1a diém chinh gitta ctia cung AD ¢6 dinh va do d6 K ¢& dinh.

Vay d luon di qua diém K c6 dinh.




II1. BAI TAP PE NGHI
Bai 1. Cho tit gide ABCD c6 AD = AB = BC. Goi E 1a giao diém ctia hai dudng chéo, F 1a
giao di€ém cua hai dudng phan giac ctia cic goc ADC va BCD. Chiing minh ring tif gidc
DEFC noi tiép.
Bai 2. Cho tam gidc ABC vuong tai A ¢c6 AH Ia duong cao. Goi I, K theo thi tu 1a tam
duong tron noi ti€p clia cac tam giac ACH va ABH. Tiép tuyén chung ngoai khac BC clia
(I) va (K) cat AB, AH, AC theo tht tu 6 M, P, N.

a) Ching minh rang BMNC la tit gidc noi tiép.

b) Ching minh ring 5 diém A, M, N, I, K cling nim trén mot dudng tron.
Bai 3. Cho tam gidc ABC c6 cac duong cao AD, BE, CF.
Tam giac AEF c6 cac duong cao EI, FJ.
Tam gidc BDF c6 cac dudng cao DL, FM.
Tam gidc CDE c6 ciac duong cao DN, EK.
Ching minh rang I, J, K, L, M, N cung thuoc mot dudng tron.
Bai 4. Cho dudng tron (O) dudng kinh AD. Goi M Ia diém déi xting v6i O qua A. Td M
ké cét tuyén MBC (MB < MC) va goi I 1a giao diém clia AC va BD. Chitng minh ring tam
giac OIA can.
Bai 5. Cho hinh binh hanh ABCD. L4y mot diém M niam ngoai hinh binh hanh sao cho C
nam trong tam gidc MBD va MBC = MDC. Ching minh rang BMC = AMD .
Bai 6. Cho hai dudng tron (S) va (T) cét nhau tai A va B. Mot duong thang d tiép xic vé6i
duong tron (S) tai C va tiép xtc v6i duong tron (T) tai E (khoang cach tir A dén d 16n hon
khoang cach tit B dén d).

a) Goi D Ia diém d6i xting ciia A qua d. Chiing minh réing t& gidc BCDE noi ti€p mot

duong tron (V).
b) Goi Rg,Rp,Ry, theo thit ty 1a ban kinh ctia cac dudng tron (S), (T), (V). Chiing
minh rang R%, =Rg.Ry.

Bai 7. Cho tam giac ABC. Buong tron qua A, B ti€p xtc véi BC va duong tron qua B, C
ti€p xtdc véi AB cat nhau tai E. Goi O 1a ram dudng tron ngoai ti€p tam gidc ABC.
Chiing minh rang BEO =90°.
Bai 8. Cho tam gidc ABC can tai A va d;,d, la hai dudng thang bat ki di qua A. Céc
dudng thang qua B, C tuong tng vuong goéc véi d;,d, cit nhau tai D. Pudng thang qua B
vuong géc v6i AB cat d, tai E, dudng thang qua C vuong goc véi AC cét d, tai F. Ching
minh raing AD L EF.
Bai 9. Cho hinh thang ABCD vuong tai A va B, M 1a trung diém cua AB. C4c dudng cao
AH, BK cua céc tam gidc AMD va BMC cat nhau & N. Chiing minh rdng MN L CD.
Bai 10. Cho tam gidc déu ABC noi ti€p dudng tron (O). Mot dudng thang d thay déi luon
di qua A va cit cac tiép tuyén tai B, C ctia (O) tai M, N ; MC cét NB tai F, d cat (O) tai
diém thit hai 1a E. Chting minh ring

a) Tua giac BMEF, CNEF ndi tiép.

b) EF luon di qua mot diém co dinh khi d thay déi.
Bai 11. Cho tam gidc ABC, dudong cao AD. Goi E, F 1a hai diém nam trén mot dudng
thang qua D sao cho AEB = AFC =90°. Goi M, N l4n luot I trung diém cta BC, EF.
Chitng minh rang ANM =90°.
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Bai 12. Cho ngii gidc ABCDE ni ti€p dudng tron (O) sao cho tia BA va tia DE cat nhau
tai M, tia AE va CD cét nhau tai N. Goi K 1a giao diém ctia BC va ti€p tuyén cua (O) tai
E, P 1a giao diém ctia cdc dudng tron ngoai ti€p cac tam giac AEM va CEK.
Ching minh rang :

a) M, P, K thang hang.

b) Tu gidc APNC noi tiép.

c) Bén diém M, P, N, K thing hang.
Bai 13. Cho tam gidc ABC c6 truc tam H, cac duong cao AD, BE, CF. Buong tron (O) bat
ki qua A, H cat AC, AB tai P, Q. Goi R 1a giao diém cuia OH véi BC. Chitng minh ring
hai tam gidc PQR va FED dong dang.
Bai 14. Cho tam giac ABC c6 cac duong cdo AD, BE, CF dong quy tai H. Goi K 1a giao
diém ctia EF va AH, M 1a trung diém AH. Chitng minh ring K 1a truc tam cia tam gidc
MBC.
Bai 15. Cho duong tron (O) ¢6 BC 1a day c6 dinh va A di dong trén doan BC. Buong tron
(D) qua A ti€p xtic v6i (O) tai B va dudng tron (E) qua A tiép xtc vdi (O) tai C cit nhau
tai diém thit hai 1a M. Ching minh ring MA Iuon di qua mot diém c6 dinh khi A di dong.
Bai 16. Cho tam gidc ABC nhon c6 H la truc tAm va M 1a trung diém ctia BC. Ha HP

vuong géc véi AM. Ching minh ring AM.PM = BM>.
Bai 17. Cho tam giac ABC c6 AD la phan giac trong. Goi (O) va (O’) 1an lugt la tam
duong tron ngoai ti€p cta céc tam giac ABD va ACD ; AD cit hai ti€p tuyén chung ctia
(O) va (O) tai P, Q. Goi L giao diém ctia AD vé6i trung truc ctia BC.
a) Chiing min rang BC, 2 ti€p tuyén chung va dudong ndi tam OO’ déng quy tai S.
b) Goi ti€p diém clia céc ti€p tuyén chung véi (O)1a M, H ; v6i (O’) 1aN, K (M, N, S
thang hang). Chitng minh ring MH, OO’, AB dong quy ; NK, OO’ AC ddng quy.
c) SA lati€p tuyén cta duong tron ngoai ti€p tam giac ABC.
d) LB la ti€p tuyén cta (O), LC la ti€p ti€p tuyén cua (O’).
e) PQ*=AB.AC

Bai 18. Cho BC la day c6 dinh ctia dudng tron (O), A di dong trén (O) sao cho O nam
trong tam giac ABC. V& day AD vuong goc v6i BC ; E, F lan luot thuoc canh AB, AC sao
cho BD? = BE.BA,CD? = CF.CA . Goi I 1 giao diém cia EF va AD. Chtng minh ring

a) Cac ta giac BDIE va DIFC noi tiép.

b) Iva D d6i xting v6i nhau qua BC.

¢) EF luon ti€p xic véi mot duong tron cd dinh.
Bai 19. Cho tam gidc ABC can tai A. Duong tron (O) ¢6 tam O nam trong tam gidc tiép
xtic v6i AB, AC lan luot & X, Y va cét BC tai hai diém Z, T. Goi H 1a hinh chi€u cua O
trén AZ. Ching minh ring HB, HC theo thi tu di qua trung diém cta XZ, YZ.
Bai 20. Cho duong tron (I) noi ti€p tam gidac ABC va tiép xtic v6i BC, CA, AB theo thi tu
& D, E, F. Mot dudng thiang qua A song song v6i BC cat EF tai M. Goi N 12 trung diém
cua BC, L 1a giao diém cta ID va EF.

a) Ching minh ring A, L, N thang hang.

b) Chitng minh rdng MD vuong géc véi IN.
Bai 21. Cho dudng tron (O) va diém A nam ngoai (O). K¢ ti€p tuyén AB va cdt tuyén
AMN, BK la dudng kinh ctia dudng tron (O). NK, MK cit AO tai S, S’. Chiing min hrang
SO =S0.

18



Bai 22. Cho ti gidc ABCD noi ti€p duong tron (O). Goi E, F, G, H theo thit tu 1a tam
dudng tron noi ti€p cac tam gidc BCD, CDA, DAB, ABC. Chiing min rang EFGH 1a hinh
chit nhat.

Bai 23. (Dinh Ii Simson)

Cho tam gidc ABC noi ti€p dudng tron (O), M 1a diém bat ki nam trén (O). Goi P, Q, R
1an luot 12 hinh chiéu ctia M trén cdc canh BC, CA, AB. Chitng minh rang P, Q, R thang
hang (dudng thang qua P, Q, R duoc goi 1a dudng thang Simson ting véi diém M ctia tam
gidc ABC).

Bai 24. Cho tam giac ABC noi ti€p (O), M la diém bat ki trén (O). Ké MD, ME lan luot
vuong géc v6i BC, CA. Lay K 1a trung diém cta DE, I 12 trung diém cta AB. Ching minh

rang IKM =90°.

Bai 25. Cho tam giac ABC noi ti€p duong tron (O), MN la duong kinh bat ki cta (O).
Chitng minh rang cic duong thang Simson tng véi cic diém M, N vuong géc véi nhau.
Bai 26. Cho tam gidc ABC noi ti€p dudng tron (O) va mot diém M tlly ¥ ndm trén dudng
tron. Goi E, F, L theo tht tu 1a hinh chiéu cia M trén AB, BC, CA. K¢ tiép tuyén d cua
duong tron (O) tai A va K 1a hinh chi€u cua M trén d.

Ching minh rang ME.ML = MF.MK.

Bai 27. Cho tam gidc ABC c6 cdac duong cao AD, BE, CF dong quy tai H. Goi M, N, P
theo thit tu 12 trung diém ctia cdc canh BC, CA, AB. ; 1, J, K theo thtt tu 12 trung diém clia
HA, HB, HC. Ching minh ring chin diém D, E, F, M, N, P, 1, J, K cling nim trén mot
duong tron (goi la dudng tron Euler).

Bai 28. (Dinh Ii Lyness)

Cho tam giac ABC noi ti€p. Goi (O’) la dudng tron ti€p xtc trong véi (O) tai D va tiép
xtc v6i AB, AC theo thit tu tai E, F. Chitng minh rang EF di qua tam duong tron noi tiép
tam gidc ABC.

Bai 29. Cho ti gidc ABCD noi ti€p duong tron (O).

a) Chiing minh rang dudng thang Simson tng véi céc diém A, B, C, D clia cdc tam gidc
BCD, CDA, DAB, ABC dong quy tai S.

b) Chitng minh rang dudng tron Euler ctia cic tam gidc BCD, CDA, DAB, ABC ciing
dong quy tai S.
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IV. LOI GIAI - HUONG DAN
Bai 1.
Ta c6 DFC:lSO"—FDC-FCD:l%O-@ (1)
Ta lai c6 (chd y rang AD = AB = BC)
DEC = AEB = 180° - EAB — EBA

=180° —(90° —%)—(90O —?)

=ABC+DAB=180O_BCD+ACD 2)
2
Tu (1) va (2) suy ra DEC =DFC hay tit gidc DEFC noi tiép.
A
B
D c
Bai 2.
A
/ \\\
I/ \\ N
I
M: P | T
S /
\ /
N\ v,
N b4 I
K > o | _- -
B H - C

a) Ching minh t¢ gidc BMNC noi ti€p
Kéo dai HI, HK cat AC, AB lan luot tai T, S. Ta c6 tit gidc ASHT noi ti€p nén
ATS = AST =45° . Suy ra AS = AT. Tir d6 theo tinh chat dudng phan gidc, ta c6
HK AH AH HI
= = =—,suyralK//TS.
SK AS AT TI
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Mat khdc do tit gidc BIHK noi tiép (do KPI = KHI =90°) nén HPI = HKI = HST = HAC.
Do d6 PI // AC. Tir @6 suy ra ANM = IPN = HPI = HAC = ABC (do PI la dudng phan giac
cta géc HPN).

Vay ti gidc BMNC noi tiép.

b) Chitng minh ring nam diém A, M, N, L, K cling nim trén mot dudng tron

Ta chiing minh dugc PK // AB tuong tu nhu chiing minh PI // AC & cau a), nén

PKA = BAK =PAK, suy ra PA = PK. Tuong tu PA = PI.

Do ti gidc BMNC ndi ti€p nén AMP = ACB = PAM, do d6 PA = PM. Tuong tu ta cling
c6 PA = PN. Suy ra PA = PM = PN = PI = PK. Vay nam diém A, M, N, I, K cling nim
trén mot duong tron c6 tam P.

Bai 3.

Dé thay NKC = NED = ABC (do cic tit gidc DENK va AEDB ni ti€p).

Lai ¢6 BLBA = BE? = BK.BC nén tif gisc AIKC noi tiép, suy ra BKI =BAC . Tir d6 c6
BKI+ NKC = ABC+BAC < NKI = ACB. Ma ACB = AFE = AJI (do céc tt gidc BFEC
va FEJI noi ti€p) nén NKI = AJI, do d6 tit gidc IINK noi tiép.

Ta c6 AL.AB=AD? = AN.AC nén ti giac BLNC noi tiép, do d6

JNL = ABC = AEF = AlJ. Tir d6 c6 tit gidc IINL noi tiép.

Suy ra nam diém I, J, N, K, L cling nim trén mot dudng tron.

Ta chiing minh dugc ti giac IIML noi ti€p tuong tu nhu chiing minh t& giac IINK noi
ti€p, do d6 M thuoc dudng tron ngoai tiép tam giac IJL. Ma duong tron ngoai ti€p tam
gidc IJL cling chinh 1a dudng tron di qua nam diém I, J,N,K,Lnéntac61,J,N,K,L,M
cung nam trén mot dudng tron.

A
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Bai 4.
Goi E 1a trung diém ctia doan OA. Ta sé& chitng minh tit gidc DCIE noi tiép.

Ta c6 OFE_OC _1 nén dé ¢c6 AOEC ~ AOCM(c.g.c), suy ra CEO = MCO (1)
OoC OM 2
Ta lai ¢6 MCO = OCA + ACB = OAC+ ACB = w —_CID @)

Tur (1) va (2) suy ra CID =CED hay ti gidac DCIE noi ti€p. Tir d6 TED =90° .
Tam giac OIA ¢6 IE vira 1a duong cao, vira 1a duong trung tuyén nén la tam giac can.

A D

Dung hinh binh hanh CDNM thi ABMN ciing 1a hinh binh hanh.

Ta c6 AD // BC va AN // BM nén DAN = MBC. Ta lai c6 MBC = MDC va

MDC =DMN, do d6 DAN = DMN. Suy ra tit gidc ADNM noi ti€p nén AMD = AND.
Lai vi AN // BM va DN // CM nén BMC = AND, do d6 AMD = BMC



Bai 6.

a) Chitng minh t& gidc BCDE noi ti€p mot dudng tron (V)

Ta c6 BCE =BAC,BEC =BAE nén BCE +BEC =DAE. Tu d6 ¢6 :

CBE =180° —(BEC+BCE) = 180° —CAE =180° —CDE (do A va D d6i xting v6i nhau
qua d). Suy ra t& giac BCDE noi tiép duoc trong mot duong tron (V).

b) Ching minh R} =Rg.Ry

Tu két qua clia cau a), tacé CSV = ? =BAC=BCE=BDE=EVT (1)

ETV=ETTB=BAE=BEC=BDC=CVS 2)

E
Tir (1) va (2) suy ra ACSV ~AEVT (g.g) = (C:—\S] = E—\T’ =R} =RgRr.
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Bai 7.

Goi M, N l4n luot 1a trung diém ctia AB, AC. Ta c6 ABE = BCE, BAE = EBC nén

AABE ~ ABCE (g.g) , ma EM va EN la trung tuyén tuong (ing cta hai tam gidc dong dang
trén, do d6 AEMA ~ AENB. Suy ra EMA =ENB hay ti giac EMBN noi tiép (1)

Lai ¢6 t& gidc OMBN noi ti€p (vi OMB = ONB =90°) )

T (1) va (2) suy ra nam diém O, E, M, B, N ciing nim trén mot dudng tron, tir d6 dé c6
BEO =90°.

Bai 8.

Goi M, N theo tht tu 1a hinh chiéu cua B, C lén d,,d,, I1a giao diém cua AD véi EF.

Ta c6 AM.AE = AB? = AC? = AN.AF nén t&t gidc MNFE noi ti€p, suy ra AMN = IFN.
Lai c6 td gidc AMDN noi ti€p néen AMN = ADN. Vay ADN =IFN, do d6 tit gaic IDNF
noi ti€p, tir d6 dé dang suy ra DIF =90° hay AD L EF.
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Bai 9.

B C

Goi E 12 giao diém ctia MN v6i CD. Ta ¢c6 MHN = MKN =90° nén ttt gidc MHNK noi

ti€p, suy ra MHK = MNK (1)
Lai c6 MK.MC = MB? = MA2 = MH.MD nén t& gidc KHDC noi tiép, do d6
MHK = MCD 2)

Tur (1) va (2) suy ra ti gidc KNEC noi tiép, tir d6 c6 NEC =90° hay MN L CD.
Bai 10.

N

a) Ching minh céc tit gidc BMEF, CNEF noi tiép

Ta thdy MEB = ACB = 60° nén dé ching minh ti gidc BMEF noi ti€p, ta s& ching to
BFM =60° .

Do ABM = BAC =60° nén MB // AC, suy ra NAC = BMA . Mit khac
MB:AB:MB:BC.

AC CN BC COCN

NCA = MBA =60° nén AMBA ~AACN (g.g) =
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Lai c6 MBC =BCN =120° nén AMBC ~ ABCN (c.g.c) = BMC=CBN hay
BMC = CBF. Suy ra ABMC ~ AFBC(g.g), do d6 BFC =MBC =120°.
Vay ta c6 BFM =60° = MEB nén tit gidc BMEF noi tiép.

Ta ciing c6 CFN =60° = CEN nén tit gidc CNEF ciing noi tiép.
b) Chitng minh EF lu6n di qua mot diém c6 dinh

Goi K 1a giao diém cua EF véi BC. Tir két qua cia cau a), ta c6 BEF = BMF = KBF, suy
ra hai tam gidc BEK va FBK dong dang v6i nhau. Do d6 KB?> =KEKF .

Ching minh tuong tu, ta c6 KC? =KEKF, suy ra KC = KB hay K Ia trung diém cta
doan BC c6 dinh (dpcm).

Bai 11.

Tu cdc tit gide noi ti€p ADBE va ADFC, ta c6 AEF = ABC, AFE = ACB nén suy ra
AAEF ~ AABC(g.g) ; AM va AN la hai duodng trung tuyén tuong tng ctia hai tam giac
dong dang trén nén AANE ~ AAMB = ANE = AMB = t gidc ANDM ndi ti€p

= ANM = ADM =90°.

A

ooF
»/
@)

F

Bai 12.
a) Chimg minh M, P, K thang hang.
Tu céc t gidc noi ti€p AEPM va EABC, ta ¢c6 : MPE = EAB =ECK. Lai c6 t@ gidc
KPEC noi tiép nén ECK +KPE =180°, do d6 MPE +KPE =180° hay M, P, K thang
hang.
b) Cghli‘ng minh t& gidc APNC ndi ti€p
Ta c6 APC = APE + CPE = AME + CKE, mat khéc :

AME = EAB- AEM

CKE =ECB-KEC,
nén APC = (EAB+ECB)—(AEM + REC) = (180° — AEM) — REC = AED - EAC (1)
Lai c6 ANC=AED-EDN = AED-EAC 2)
Tu (1) va (2) suy ra APC=ANC, do d6 td gidc APNC ndi tiép.
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¢) Chitng minh rang M, P, N, K thang hang

Ta c6 ACD = AEM = MPA, tit d6 két hop vdi t& gidc APNC noi ti€p ta dé dang chiing
minh duoc M, P, N thallng hang. Theo cau a) tacoé M, P, K théng hang nén suy ra M, P, N,
K thing hang.
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Bai 13.
Tir cac t& giac noi tiép APHQ, AFHE ta ¢6 :

FIQP = HAP = HEF (1)

HPQ = HAQ = HFE (2)
Ta thdy BPH = AQH =90° —OHA =90° —DHR = HRD, do d6 ti gidc PHRB noi tiép.
Suy ra HPR = HBR = HFD 3)
Ching minh tuong tu HQR = HCR = HED 4)

Tir (1) va (4) ta c6 PQR =FED ; tir (2) va (3) ta c6 QPR =EFD.
Do d6 APQR ~ AFED(g.g)

A
Q '\ E
p
F Q
H
B R D C
Bai 14.
A

M E
R
F K
H
B\
S

Lay diém S doi xiing véi H qua BC, R 12 giao diém cta KC véi MB.
Ta c6 MSB = BHD = MHE = MEB nén tir gidc MESB noi ti€p. Suy ra
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RBE = MSE (1)
Lai ¢c6 KSC=CHD = AHF = AEK nén ti gidc KSCE ciing ndi tiép, do d6

MSE =RCE (2)
Tir (1) va (2) suy ra RBE = RCE nén ti gidc RBCE ndi tiép. T d6 suy ra
BRC =BEC =90°. Trong tam gidc MBC, ta c6 MK L BC va CK 1. MB nén K 1a truc
tam ctia tam giac MBC.
Bai 15.
Céc tiép tuyén tai B va C clia dudng tron (O) cit nhau tai N, ta ¢6 N ¢6 dinh.
Ta c6 BMA = NBC va CMA = NCB nén BMC =180° — BNC = BOC, suy ra tif gidc
BMOC noi ti€p. Mit khéc ti gidc BOCN ciing noi ti€p nén 5 diém B, M, O, C, N clng
thuoc mot dudng tron. Lai c6 BMA = CMA nén MA luon di qua diém chinh giita N cha
cung BC (dpcm).

X/

=3

(A
N —
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Bai 16.

A

B E M C

Goi E, F 1a céc giao diém cta AH, CH vé6i BC, AB. Ta c6 céc tit giadc HPME, BFHE noi

ti€p nén AFP = AHP = AMB, suy ra ti gidc BFPM noi tiép.

Do d6 ABM = BFM = BPM, tir d6 chiimg minh dugc hai tam gidc ABM va BPM dong

dang v6i nhau, suy ra AM.PM = BM?.

Bai 17.

a) Ching minh BC, OO’ va hai ti€p tuyén chung ngoai dong quy tai S

Goi S 1a giao diém cua hai tiép tuyén chung ngoai, S’ 1a giao diém ctia BC va OO’.

Ta c6 BOD=2ABD =2ACD =CO'D, tir d6 véi chii y cdc tam gidc BOD va CO’D déu la
SO OB OH SO

cac tam giac can, ta suy ra OB // O’D. Suy ra = = = .
S'O" O'D O'K SO

Vay Strung S’ (dpcm).
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b) Ching minh rang MH, AB, SO déng quy ; NK, AC, SO’ déng quy
Goi X, Y theo thit tu 12 giao di€ém ctia OO’ v6i MH, NK. Theo két qua cia VD14, ta c6
cac tu gidc BDOX va CDYO’ noi tiép, két hop v6i OB // O’'D, ta c6
XDB=XOB=YO'D=YCD. SuyraXD// YC (1)
Mt khéc, do OD // O’C, ta c6 XYD =0'CD =0DB =OBD = DXY nén tam giac DXY
can tai D. Suy ra DX = DY, lai c6 AX = DX, AY = DY (OO’ 1a dudng trung truc ciia AD)
nén AX = AY = DX = DY. Do d6 AXDY la hinh thoi, vay XD // AY ()
Tir (1) va (2) suy ra A, Y, C thang hang.
Ching minh tuong tu, ta c6 dpcm.
¢) Chitng minh rédng SA 12 ti€p tuyén cua dudng tron ngoai ti€p tam gidc ABC
Goi Z 1a giao diém ctia SA v6i dudng tron (O). Dé thay ti gidc OXZA ndi ti€p nén
OZA = OXA = OXD =O0BD, tir d6 ching minh duoc hai tam gidc OBD va OZA bang
nhau. Suy ra BXD = BOD = Z0A =ZXA hay Z, X, D thiang hang. Vay ta c6
SAB =7DB=XOB=YO'D=ACB hay SA la ti€ép tuyén ctua dudng tron ngoai ti€p tam
giac ABC.
d) Ching minh LB 1a ti€p tuyén cta (O), LC 1a ti€p tuyén cua (O’)
Goi R 1a giao diém ctia BO va CO’.Ta c6 tam gidc BRC can tai R nén
BRC =180° —2RBC =180° —2DXY = XDY = BAC. Suy ra tf gidc BARC noi ti€p.
Mat khdc ta ¢6 AL va RL la cdc duong phan gidc ctia cic géc ABC va BRC nén dé dang
c6 5 diém A, B, R, L, C cing ndm trén mot dudng tron. Suy ra RBL =RCL =90° hay
LB la tiép tuyén cua duong tron (O) va LC la ti€p tuyén cta duong tron (O).
e) Ching minh ring PQ* = AB.AC
Goi T la giao diém BH va CK. Ta ¢c6 OH // O’K va OD // O’ C nén
HOD =KO'C = HBD =KDC hay BH // DK. Tuong tu CK // HD. Tir d6 ¢6 ngay DHTK
1a hinh binh hanh. Mat khac QH2 =QD.QA = QK2 nén Q la trung diém ctia HK va do dé
Q ciing Ia trung diém cta DT. Suy ra PQ = AD + 2DQ = AD + DT = AT.
Ta c6 ATB=TDK = ACT (do HT // DK) va BAT =CAT nén AABT ~ AACT (g.2)
AB AT
>—=—
AT AC
Bai 18.
a) Ching minh céc tit gidc BDIE va DIFC ndi ti€p
Ta ¢6 két qua quen thuoc AC? —CD? = AB> —BD? va két hop véi gia thiét, ta c6
AE.AB = AF.AC. Suy ra ti gidc BEFC ndi tiép, tr d6 AEI = ACB =IDB nén t gidc
BDIE ndi ti€p. Tuong tu ta ciing cé tit gidc DIFC noi tiép.
b) Chiing minh I va D d6i xiing véi nhau qua BC
Tur gia thiét dé dang c6 ABED ~ ABDA (c.g.c), ACDF ~ ACAD(c.g.c) nén suy ra
BDA =BED =BID va CDA =CFD =CID. Do d6 I va D d6i xtng véi nhau qua BC.
¢) Ching minh EF luon tiép xic véi mot dudng tron c6 dinh
Goi (O’) 1a duong tron ngoai ti€p tam giac IBC thi (O’) d6i xing vé6i (O) qua BC nén (O’)
¢6 dinh. Lai c6 BIE = BDE = BAD = BCD = BCI, suy ra EF la tiép tuyén ctia dudng tron
(O’). Vay EF luon tiép xtc v6i duong tron ngoai tiép tam giac IBC c6 dinh.

= PQ? = AT? = AB.AC (dpcm).
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Bai 19.

Goi L 1a giao diém cta AZ véi (O). Dé thay O thuoc dudng cao AD clia tam gidc can
ABC. Ta c6 AHO =AXO0=AYO =90° nén nam diém A, X, H, O, Y cuing thuoc mot
duong tron. Suy ra AOX = AHX. T giac BXOD ciing ndi tié€p nén AOX =XBD, do d6
AHX =XBZ. Vay ti gidc BZHX noi tiép duoc nén XBH = XZH = AXL.

Suy ra XL // BH. Trong tam gidc XZL, ta ¢c6 H 1a trung diém cta ZL va BH // XL nén HB
di qua trung diém clia XZ.

Tuong tu ta chiing minh duoc HC di qua trung
diém ctia YZ. A
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Bai 20.

a) Chitng minh A, L, N thing hang

Qua L ké dudng thang song song véi BC cat AB, AC lan luot tai P, Q. Ta c6 céc tit gidc
LPFI va LEQI noi tiép nén IPL = IFL,IQL =IEL , ma IEL =IFL nén IPL =IQL. Suy ra
L 1a trung diém ctia PQ, tir d6 suy ra A, L, N thﬁng hang.

b) Ching minh MD vuoéng géc véi IN

Dé thay ML L AL IL 1 AM nén L la truc tam cua tam giac AIM, do d6 AN L IM. Goi
K, H theo thit tv 12 giao di€m cia ML, AL véi Al IM.

Dé thay TH.IM = IK.IA = IE® = ID? = AIHD ~ AIDM (c.g.c) = IDH = IMD.

Lai c6 tit gidc IHDN noi tiép nén IDH = INH suy ra INH = IMD. Goi J 1a giao diém clia
IN v6i MD. Theo trén ta c6 HNJ = HMJ nén t& gidc HINM noi ti€p, suy ra

NJM = NHM =90° hay MD L IN.

A M

B D N C

Qua M vé& duong thang song song vé6i SS’, dudng thang nay cat BK, NK lan luot & P, Q.
Goi L 1a trung diém ctia MN.
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Ta c6 OLA = OBA =90° nén tit gidc OLBA noi tiép, suy ra OBL = OAL . Do MQ // AS
nén OAL =PML, do d6 OBL = PML hay PBL =PML . Tir d6 c6 t¢ gidc MPLB noi tiép,
vi viy MLP = PBM = QNM, suy ra LP // NQ.

Trong tam gidc MQN, ta c6 LN = LM va LP // NQ nén PQ = PM. Tt d6 theo dinh 1i Ta-
1ét, ta suy ra dugc SO = S'O.

Bai 22.

Ta nhéc lai két qua quen thudc sau : Néu I 1a tam dudng tron ndi ti€p ctia tam gidc ABC

thi BIC =90° +% .

St dung két qua trén vao cac tam giac BCD va ABC, ta ¢6 :
BEC =90° + BL;C

BHC =90° + BA—C
Ma BAC =BDC nén BEC =BHC, suy ra ti gidc BHEC ndi ti€p. Do d6
].:f]2 =HBC = % . Chiing minh tuong tu, ta ¢6 ﬁl =FDC = @ .

+]!_F] _ ABC+ ADC

Suy ra HEF = ﬁl =90°.

Hoan toan tuong tu, ta c6 EFG = HGF =90°.
Suy ra EFGH Ia hinh chit nhat.
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Bai 23.

Ta ¢6 ti gidc MRAQ va BAMC noi ti€p nén MQR = MAR = MCP (1)
Lai ¢6 t¢ giac MCPQ noi tiép nén MCP + MQP =180° 2)
Tur (1) va (2) suy ra MQR + MQP =180° hay PQR =180°

Vay P, Q, R thing hang.

Bai 24.

Goi F 12 hinh chiéu clia M trén AB. Theo dinh If Simson, ta ¢cé D, E, F thing hang.

Ta c6 cac ti giac DEMC, BAMD noi ti€p nén :

MDE = MCE = MBA
DME = DCE = AMB
Tu d6 suy ra AMDE ~ AMBA (g.g) ma MK, MI 1a hai trung tuyén tuong tGng cua hai tam
gidc MDE, MBA nén AMKE ~ AMIA = MKF = MIF = ti gidc MKIF noi tiép
= IKM =90° (vi IFM =90°)
F
A
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Nhdn xét. Néu khong st dung dinh 1i Simson, ta ¢6 cach khac nhu sau :
Tir hai tam gidc dong dang MKE va MIA ta suy ra

KME = AMI (1)
MK MI
— = @)
ME MA

Tu (1) ta c6 KMI = AME, két hop véi (2) ta suy ra hai tam gidc IMK va AME dong
dang. Tir d6 IKM = AEM =90°.

Bai 25.

Goi D, E 1an luot 1a hinh chié€u ctia M trén AB, BC ; F, G 1an luot 1a hinh chiéu ctia N trén
AB, BC. Ta c6 tit gidc BFNG noi tiép nén DFG = BNG = MBE = MDE =90° — ADE (chd
y rang MAN =90°). Tir d6 dé dang suy ra dpcm.
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Trude hét ta ¢6 E, F, L thang hang. Chd ¥ tit gidc noi ti€p AKEM, ta c6 :
MKE = MAE = MCF = MLF
MEK =180° - MAK =180° — MCL = MFL

Tir d6 suy ra AMKE ~ AMLF (g.g) = > = ME _ \iE ML = MK MF
ML MF
Bai 27.
A
4 I E
F
P N
H
K
7
B D M C

Str dung két qua cua VD16, ta c6 FDE =2FDH = 2EBF = FME (chi y rdang M 1a tam
duong tron ngoai ti€p cua tit giac noi ti€p BFEC). Suy ta ti gidc DFEM ndi tiép.

Chiing minh tuong tu, ta c6 cac ti gidc DFEN va DEFP ciing noi ti€p. Suy ra D, E, F, M,
N, P ciing ndm trén mot duong tron qua D, E, F. (1)
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Mat khic do tam gidc HDC vuong tai D ¢6 K 12 trung diém cta HC nén

FKD =2HCB =2HEF = FED. Suy ra tit gidc DEFK noi ti€p. Tuong tu, cac t¢ gidc DEIF
va DEFJ ciing noi ti€p, do d6 D, E, F, 1, J, K cing nam trén duong tron qua D, E, F (2)
Tu (1) va(2)suyraD, E, F, M, N, P, I, J, K cling ndam trén mot dudng tron.

Cdch khac.

Ta c6 PJ 1a duong trung binh clia tam giac AHB nén PJ // AH va PJ = %AH. Tuong tu, ta

cO NK // AH va NK = %AH . Suy ra PJ //NK va PJ = NK, do d6 PJKN Ia hinh binh hanh.

Mat khac ta cé PJ L JK (do PJ // AH, AH 1 BC, BC // JK) nén PJKN Ia hinh chit nhat.

Goi S 1a giao diém ctia PK va NJ thi SP = SK = SN = SJ. Tuong tu SI = SM = SP = SK.

Suy ra SI=SM=SP=SK=SN=SJ

Lai do tam gidc JEN vuong tai E ¢6 SJ = SN nén SJ = SN = SE.

Tuong tu, ta ¢6 SF = SP= SK, SI = SM = SD. Tir d6 suy ra rang :
SD=SE=SF=SM=SN=SP=SI=SJ]=SK

Vay 9 diém D, E, F, M, N, P, I, J, K cling nam trén dudng tron tam S.

& _N\T
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Goi M la giao diém ctia DF véi dudng tron (O').

Tacé O'FD=0'DF =OMD nén O’F //OM. Ma O'F L AC nén OM L AC. Suy raM

1a di€ém chinh gitta cia cung AC. Goi I 12 giao diém ctia EF v6i BM thi BI la dudng phan

giac ctia goc ABC. V& Dx la ti€p tuyén chung cua (O) va (O’) tai D.

Trong dudng tron (O) ta c6 IBD = xDM va trong duong tron (O’) ta ¢ IED = xDF . Do

180° ~BAC _ BDC
2

d6 TED =1IBD hay t& gidc IEBD noi ti€p, suy ra IDB = AEI = (do

tam gidc AEF can tai A va tit gidc ABDC noi ti€p).
BDC 180° —BAC
2

Tir dé ta c6 IDC = = AFI hay t gidc DIFC noi ti€p. Diéu do kéo

180°-BAC ABC _ACB
2 2 2

theo IDF =ICF. Ta lai ¢c6 IDF =IDC-FDC =

Vay ta cé ICF = % , diéu nay ching to CI 1a dudong phan gidc cta géc ACB. Suy ra I la

tam duong tron ngoai ti€p tam gidac ABC (dpcm).
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Bai 29.

a) Chimg minh cdc dudng thing Simson tng véi cac diém A, B, C, D clia cdc tam gidc
BCD, CDA, DAB, ABC dong quy tai S
Goi A;, A, la hinh chi€u cua A trén BD, CD ; B, B, la hinh chi€u cta B trén AC, AD ;

C,,C, la hinh chi€u cta C trén BD, AD ; D;,D, 1a hinh chi€u ctia D trén AC, AB; S1a
giao di€ém ctia A;A, v6i B,B,. Ta s& chiing minh C,,S,C, va D,,S,D, thing hang.
Tacé 5 diém A, B,A,,B,,B, cung nam trén dudng tron duong kinh AB (vi
AAB=AB,B=AB,B=90°) nén A;B,C=ABA, =ACD, do d6 A,B,// CD. Ching
minh tuwong tu, ta c6 B,C,// AD, C,D,// AB, D;A,// BC. Tu d6 chiing minh dugc tit gidc
AB,C,D; ndi tiép.

Talaicé:

SA B, =A,AD+BA,D=A,A,D+A,DA, =180° — A,|A,D=A,AD=SB,A, (do
AB,// CD vacidc tit gide AA;A,D,A,;B;B,A ngi ti€p). Do d6 tam gidc SA;B, can tai
S, trdo :

A,SB, =180° —2SB,A, =180° —2A,AD =2ADA, =2A,D,B, (do tam gidc ADD,
vuong tai D, va tit gidc AA;D;D noi ti€p). Suy ra S la tim dudng tron ngoai ti€p tit gidc
A;B,C,D,. Vivay, taco:

SC,D, =90° DG _ gy ~D,A,C, =90° —DAD, = ADD, (1)
2
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Lai do 5 diém C,D,,C;,C,,D clng ndm trén dudng tron dudng kinh CD nén suy ra

C,DD, +D,C,C, =180° hay ADD, +D,C,C, =180° (2)
Tu (1) va (2) suy ra C,,S,C, thang hang. 3)

hay AD,S=ADD, . Suy ra D,,S,D, thing hang. 4)

Tu (3) va (4) suy ra dpcm.

b) Chiing minh duong tron Euler cua cic tam gidc BCD, CDA, DAB, ABC ciing dong quy
i

Elil\“sdft qua cua cau a) va vi du 16, ta c6

D,A,C, =2AA,D, =2D,CC, =2SC,D, =180° —D,SC, .

Suy ra tit gidc SD;A,C, ndi ti€p. Theo két qua cta bai tap 27, dudng tron ngoai ti€p tam

gidc D;A,C, chinh la duong tron Euler ctia tam gidc ACD. Vay duong tron O-le ctia tam
gidc ACD di qua S.

Ching minh tuong tu cho cac tam gidc con lai, ta s€ c6 dpcm.
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